FUNDAMENTAL FIELDS IN THE DEFORMED W-ALGEBRAS

HICHAM ASSAKAF

ABSTRACT. Let g be a simple Lie algebra. Frenkel and Reshetikhin introduced the deformed W-algebra
Wy t(g) in [FRI8]. In this work, we propose a formal reformulation of this definition in a slightly different
context. In this framework, we introduce an explicit algorithm inspired by the Frenkel-Mukhin algorithm
[FMO1] that produces elements of the deformed W-algebra starting from a given dominant monomial m sat-
isfying some degree conditions. Then, we apply this algorithm to construct explicitly some specific elements
of Wy ¢(g). In particular, we apply this to prove a conjecture of Frenkel and Reshetikhin in [FRI8] in types
By, Cy, and for some nodes in other types. This framework opens up new possibilities for studying explicitly
fields in the deformed W-algebra W ¢(g).
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1. INTRODUCTION

A brief historical review of W -algebras. The study of W-algebras and their deformations has been a central
theme at the intersection of conformal field theory, integrable systems, and representation theory. Let us
present a quick review of their story (see [BS93] for a more complete review).

The first W-algebra is introduced by Zamolodchikov in [Zam85] as an extension of the Virasoro algebra. Then,
Fateev and Lukyanov generalize this construction to sly and define the Wy-algebras [FL88]. In [FF90], Fei-
gin and Frenkel prove that this Wy-algebra can be obtained by a Drinfeld-Sokolov reduction of the affine
algebra 5/[; with respect to a principal nilpotent element of g. They derive explicitly this Wiy-algebra as
a BRST-cohomology algebra. For all simple Lie algebra g, the quantum Drinfeld-Sokolov reduction of g at
level k gives a generalization of the Wy-algebra denoted Wy (g). At the critical level k = —h", the W-algebra
becomes the center of the universal affine vertex algebra V_,v(g) at the critical level [Fre91]. Moreover, the
affine W-algebras Wy, (g) present a remarkable duality. If g is the Langlands dual of g, then Wj(g) and
Wi (Fg) are isomorphic if 7(8 + hY) (Y8 + £hY) = 1, where r is the maximal number of edges connecting
two vertices in the Dynkin diagram of g ([FF92]). Later on, Awata, Kubo, Odake and Shiraishi defined a
two-parameters deformation of the Virasoro algebra [SKAO96] called ¢-Virasoro. Then the same authors
define in parallel to Feigin and Frenkel the ¢ — Wy-algebras [AKOS96, FF96] which are deformations of
the Wy-algebras. Finally, Frenkel and Reshetikhin extend this definition and define the two parameters
deformed W-algebra W, ;(g) associated to a simple Lie algebra g in [FR98]. These deformed W-algebras
are defined as the intersection of the kernels of screening operators acting on a double deformed Heisenberg
algebra H, ;(g). In [FR98], Frenkel and Reshetikhin highlight that the deformed W-algebra W ,(g) is re-
markably connected with the analﬂic Bethe Ansatz in integrable models associated with the quantum affine
algebras U, (g), U;(Yg) and U;(*(g)), where g denotes the corresponding affine Kac-Moody algebra, Lg is
the Langlands dual of g, and U,(g) is the quantum affine algebra associated to g defined by Drinfeld and
Jimbo in [Dri85, Jim85].

In [KP18b, KP18a], Kimura and Pestun provide a quiver gauge theoretic construction of Frenkel and
Reshetikhin deformed W-algebras, providing a geometric point of view on the deformed W-algebras. In
[Neg22], Negut defines another deformed W-algebra in type A, that deforms the W-algebra of gl,,, with
respect to a rectangular nilpotent. This definition generalizes the definition of Frenkel and Reshetikhin in
type A. The deformed W-algebra is also studied in [AFO18, AFR20, FIM25, HKc22, Koj22, LNZ18, NZ20,
Sev02, Tanl§|.

While the original construction provided a powerful framework for understanding quantum integrable sys-
tems, the precise algebraic nature of these algebras and their behavior under classical limits presents signifi-
cant technical challenges. In this document, we define a formal context to this deformed W-algebra, providing
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new tools to explicitly compute its elements.

The deformed W -algebra in a formal context. Let g be a simple Lie algebra of rank ¢. Let I = [1,¢]. In this
work, we aim to set the deformed W-algebras W, ;(g) defined in [FR98] in a new formal setting. We work in
the ring of formal power series K = C[[h, 8]] and we fix ¢ = ", and t = P two parameters. We recall the
definitions of the double deformed Heisenberg algebra #, ;(g) and the screening operators in [FR98] adapted
in our context. Then, H, +(g) denotes the vector space generated by monomials in (respectively fundamental
weight-type and simple root-type) variables Y;(za), A;(za) € Hy:(0)[2F], i € I, a € C*¢%*t% with respect
to the normally ordered product. Finally, the deformed W-algebra W, +(g) denotes the vector subspace of
H, :(g) generated by the fields commuting with screening operators Sii.

If wy,...,wy are the fundamental weights of the simple Lie algebra g, then there exist fundamental repre-
sentations V,,, of the quantum affine algebra U,(g) (see [CP94] for more details). In [FR98], Frenkel and
Reshetikhin formulate the following conjecture :

Conjecture 1 ([FR98|, Conjecture 1). For each i =1,...,¢, there exists a field T;(z) in W4 4(g), such that
T;(2) = Yi(2)+ the sum of elementary terms of the form

c(g,t)  Yi(2)Ai (2q™ ") 71 - Ay, (2q ) 7"

ik
(where ¢(q, 1) is a positive integer independent of q). Furthermore, the set of weights of these terms counted

with multiplicity c(q,1) is the set of weights of the finite-dimensional irreducible representation V,,, of Uy(g)
with highest weight w;, where the weight of

d
: H Yi, (za;)%

Jj=1

8
d
E sjw,-j .
Jj=1

This would prove a strong link between the deformed W-algebra W ,(g) and the representation theory
of the quantum affine algebra U,(g). This conjecture is proved for g of type A, ([FF96, AKOS96, FRIS]).
Frenkel and Reshetikhin proved this conjecture in all classical types for ¢ = 1 in [FR98]. Bouwknegt and
Pilch proved this conjecture for all simple Lie algebra g of rank 2 (Appendix A in [BP93]).

However, as far as we know this conjecture has not been proved yet for the other classical types because of
the lack of tools to compute systematically the fields in W 4(g).

We draw attention to the fact that the elements of this deformed W-algebra correspond to Nekrasov’s
gq-characters [Nek16, KP18b]. These elements must be distinguished from Nakajima’s (g,t)-characters
[Nak01, Her04] and from the interpolating (g,t)-characters of Frenkel and Hernandez [FH11]. The latter
are commutative algebraic polynomials defined to emulate the behavior of the fields in W 4(g).

An algorithm to compute explicitely fields in W 4(g). In this document, the reformulation of the definition
of W, ,(g) allows us to construct explicitely its elements using an algorithm inspired by the Frenkel-Mukhin
algorithm [FMO1] for computing g-characters.
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Our algorithm is similar to the Frenkel-Mukhin algorithm in the fact that it works step by step, starting
from a dominant monomial (that is a monomial in (Y;(za));c[1,¢],accq72), and at each step, multiplying it
by variables A;(za)™! until we get an antidominant monomial in (Y;(za)™1); 4.

However, the intricated structure of the double deformed Heisenberg algebra implies that unlike the set
of g-characters, the deformed W-algebra is not a ring, and we cannot give a complete characterization of
the fields in a fixed sly-direction. Thus, our algorithm differs from the Frenkel-Mukhin algorithm. The first
difference is the fact that at each step and for each monomial, we have to isolate each admissible variable
Yi(za), multiply the monomial by A;(zag~"t)~!, and then define a coefficient for the new monomial.

The second and main difference is the fact that the coefficients are not defined as maxima as in [FMO1], but
they are defined as residues of rational functions in ¢*', ¢!,

We prove the following theorem which makes this algorithm a key tool to compute elements in W ;(g) :
Theorem 1. The algorithm is well-defined. Moreover, if it does not fail and ends in finitely many steps,
then it gives a field T'(z) € Wy.(g).

As an application, we prove Conjecture 1 in new cases:

Theorem 4. Conjecture 1 holds in types Ay ( for alli € I), By ( for alli € I), Cy ( for alli € I), Dy ( for
i=1,0—1,¢), Es (fori=1,5), Bz (fori=26), Fy ( fori=1,4) and G2 ( fori=1,2).

This algorithm provides a powerful tool to construct explicitly fields in Wy ;(g), however, in general, the
explicit computation of the fields for g of classical type presents additional difficulties. This will be studied
in an upcoming paper.

Finally, we conjecture that for any dominant monomial m, our algorithm terminates in finitely many steps
without failing if and only if there exists a generic field in W, ;(g) having m as its unique dominant monomial.
Furthermore, the following conjecture highlights a potential connection between the fields generated by this
algorithm and the thinness of the corresponding representations of the quantum affine algebra Uy (g).

Conjecture 3. Our algorithm generates precisely those fields of W (g) whose unique dominant monomial,
when specialized to t = 1, coincides with the dominant monomial of a q-character of a special thin repre-
sentation of Uy(g). Here, a special thin representation is defined as one whose q-character possesses a single
dominant monomial and has all its coefficients equal to 1.

Theorem 4 proves this for fundamental fields.

Structure of the paper. This article is organized as follows:

In Section 2, we recall the definition of the double deformed Heisenberg algebra H, .(g) introduced by Frenkel
and Reshetikhin in [FR9S], its Fock representation in our context, and the completion of H, ;(g). We prove
that the Fock representation is faithful.

In Section 3, we recall the definition of the screening currents and of the deformed W-algebra W, ;(g) as the
intersection of the kernels of the screening operators acting on Hg ;(g). We prove that H, ;(g) is isomorphic
to a polynomial algebra K [Yiil}, where Y; , is identified with Y;(za) and where the product is the normally
ordered product. Then, we compute commutation relations of the screening currents with the generators of
H, (g), and discuss the coefficients of the fields in W ,(g).

In Section 4, we present the central algorithmic result, including a graph-based representation of the algo-
rithm inspired by [FR99], and explicit examples of fields in W ;(g). These results are the first main results
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of this article.

In Section 5, we apply our algorithmic results to prove Conjecture 1 in types By, Cy, and in other new cases.
This proof is the second main result of this article.

Finally, in Section 6, we formulate conjectures on the behavior of our algorithm and on a possible link
between the fields it produces and the thinness of the corresponding representations of the quantum affine
algebra U, (g).

Aknowledgements. I would like to thank David Hernandez for his careful, repeated readings of this paper.

2. THE DOUBLE DEFORMED HEISENBERG ALGEBRA g +(g)

In this section, we recall the definition of the double deformed Heisenberg algebra H,+(g). This definition
is introduced by Frenkel and Reshetikhin for a simple Lie algebra g of any type in [FR98]. In type Ay, the
definition appears in [AJMP96, AKOS96, FF96]. Here we give the same definition however to justify the
exponential and logarithm, we define the parameters ¢, as formal power series in h.

Let h,3 be generic variables. Let (g,t) = (e",e") € CJ[h,]]>. These are formal variables. In all this
document, h can be specialized in C\i7Q and we can write ¢t = ¢”. Moreover, if v € C, then ¢” := ¢ and
t7 := e"#7 are well defined as formal variables. We can now work on the ring K = C[[h, 3]].

Notation 1. For all n € Z, we set
qn _ q—n
q—qt°

Remark 1. Note that [n], € C[[h]] and [n], € n + hC[A].

[n]q =

Let g be a simple Lie algebra of rank ¢. Let I = {1,...,¢}. Let (-,-) be the invariant inner product on g
normalized such that for all maximal root «, (o, @) = 2 (see [Kac90]). Let {a1,...,ar} and {w1,...,we} be
the sets of simple roots and of fundamental weights of g, respectively. We have:
(o, ;)

2 61'7]'.
Let 7 be the maximal number of edges connecting two vertices of the Dynkin diagram of g. Thus, r» = 1 for
simply-laced g, r = 2 for By, Cy, Fy, and r = 3 for G3. Set

(ai>wj) =

D = diag(ry,...,70),

where

ry = ri(o‘“;‘i). (1)
All r;’s are integers; for simply-laced g, D is the identity matrix.
Now let C' = (Cjj)1<i,j<¢ be the Cartan matriz of g. Denote by I = 2I,, — C the incidence matriz, and

B = (Bij)i1<i,j<¢ = DC be the symmetrized Cartan matrix:

Bi]‘ = r(ai,aj).



6 HICHAM ASSAKAF

In [FR98], the authors define ¢ x £ matrices C(q,t), D(g,t), and B(q,t) with coefficients in K by the formulas

Cij(q,t) = (¢t + ¢ " 1)6i 5 — [Lij]g, (2)
D(q7 t) = diag([rl]q’ SR [Tf]q)’ (3)
B(g,t) = D(q,t)C(g. ).
Thus,
Bij(q,t) = [rilg (¢t + ¢~ ") 5 — [Li]q) - (4)
It is easy to see that the matrix B(g,t) is symmetric. For simply-laced g,

Cij(a,t) = Bij(q,t) = (¢t 7" + ¢ ') ; — ;.

Lemma 1. For all n > 0, the matrix C'(¢", ") € Matyx¢(K) is invertible and its inverse lies in Matyy¢(K).

Proof. Let n € N. We consider d = det(C(q",t")) € K. If d = 0 then its image in the quotient d € K/h is

null. However, d = det C. As g is a simple Lie algebra, the Cartan matrix C is invertible. Thus det C' € C\{0}
and d # 0. Thus C(g",t") is invertible. Moreover, d = dy + f(h, 3) where f(h, 3) is a formal power series in
h, B8 with no constant terms and dy € C*. Hence, d is invertible in C[[h, 3]], and

1

n ny—1 __ n gn\\1T
C(q )t ) - detC(q",t”)Com(C(q iy )) eMatle(K)'

]

2.1. Heisenberg algebra H,,(g). In this subsection, we present the definition of the double deformed
Heisenberg algebra as introduced in [FR98]. This definition appears in type A, in [SKAO96].

Definition 1. Let H,:(g) be the (double-deformed Heisenberg) algebra over the ring K with generators
zi[n], ¢¢%l% and 79, with i € I, £ € C[B],y € B~ C[B], n € Z\{0} and relations

¢

[wiln], z;lml] = n-m— = Bii (4", £7), O, -m ()

[wi[n],e?¥] =0, n#0,
[€9,e7 9] =0, 5,9 €B7ICIBLGS €L,
[¢5%[0) e7Q3] = (¢87PBi — 1)1 gfasl0]
[ 2] =0, @€ (g[n])jern<o.
The 7% are called the shift generators.
We construct for all i € I, m € Z\{0},

e "
az[m] . n xZ; [m]
It implies the following commutation relation :
1 . _
[ai[n], a;m]] = —(¢" — ¢~ ")(#" —t7")Bi;(¢",t").0n,—m
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Remark 2. The (a;[m])icr,m=0 are the generators of the Heisenberg algebra #, ;(g) defined in [FR98]. Here,
because we consider the ring C[h, 3] we slightly change the definition and the Frenkel and Reshetikhin’s
Heisenberg algebra is a strict subalgebra of the Heisenberg algebra of this paper. If we work in the field

C((h,B)) instead of C[[h, f]], then both are equal.

The generators a,[n] are “simple root”-type elements of #, +(g). As the deformed Cartan matrix is invertible,
there is a unique set of “fundamental weight”-type element, y;[n], ¢¢%0, #&v:l0l 4 = 1,... t:n € Z\{0}, £ € C
satisfying:

4 4
Vi<j<e g Z " tyiln), gt =TT gt (6)

i=1

[ai[n], y;[m]] = —(¢"" — ¢~ "") (" = t7")0i j0n, —m- (7)

We also put the following relations :

Ve, zi' € C, V4,5 €1, qéaj[o]qé/aj/[o] = q(€+€/)aj/[0]7 gLl = 0Qi =1,

:\»—l I'

and same for y;[0].
They satisfy the following commutation relations:

[l ] = (@ = ) — Mg (0" ), ®)

where (M;;(gq,t))1<i j<e is the matrix M(q,t) = D(q,t)C(g,t)~ .

2.2. Fock representation w,, of H,.(g). In this section we present the construction of the Fock represen-
tations of the double deformed Heisenberg algebra. This representation is introduced in [FR98, BP98]. Let
h be the Cartan subalgebra of g. We define

k
P:=C[f]®ch* = {Z%‘M ; v € CBl, pi €™}

Let us define the following subalgebras of H, +(g)
H™ = (@ilnl)icimeo, H' = (@iln], ") ics cccign>o,

and H := (xi[n],qéai[o]%ef,gecm],n;eo

Let p = Zle Yitti € P, with ~; € C[3], u; € b*. Let C,, be a one-dimensional vector space generated by a
vector v,. We construct a structure of H-module on C), with the following actions :

Viel,n>0 zj[njv, =0,
viel anJ‘ [O]Uu — qg("’a-j)vu
with (p, o) == Zle vi(ti, ;). We can now define the Fock representation ,, as follows :

T, = Indj+C* = H- @p+ C,,,
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The set 7, is a representation of H and has a Poincaré-Birkhoff-Witt basis:

(ziy [ma]ziy [n2] - i, [P ] V)0 <<y <0

Thus, the direct sum @ME p Ty, is a representation of H. To extend it as a representation of H,.(g) we
have to define how the shift generators act on the elements of each 7,. The shift generators commute with
(z5[n])nz0. Hence it is sufficient to define how it acts on each v,. Let u € P, v € B7'C[f], and i € I. Thus
u~+yBra; € P and we define

Vi “Uy 1= Uy Brag -
The following proposition proves that this definition is compatible with the commutation relations of H, +(g)
and that it gives a well-defined faithful representation of #,+(g). This may be well-known to experts, but

we write a proof for completeness.

Proposition 1. The vector space @ 7, is o well-defined, faithful representation of Hq.(g).

HeP

Proof. To prove that it is a well-defined representation, it is sufficient to verify that this definition is com-
patible with the commutation relations between €79 and ¢l 6%(0, Let ¢ € C[B], u € P, v € B~'C[p],
and 7,5 €

Qi (qﬁaj [O]Uﬂ) — eriqﬁ(u’aj)Uﬂ

— q'f(#’aj)e’Yinu

= qg(l‘ﬁaj)v#_"_ﬂyﬁrai

and
¢t 0] Qi v, = ¢t [O]Uu+'yﬁméi
— qf(”+7ﬂrai’aj)vu+7/3rai
_ quﬁr(ai,aj)qé(u,aj)v#+,yﬁml
_ qf'yﬁBi,j qf(“’aj)vaﬁra,-
Hence,

[an_j [0]’ e'YQi] vy, = qftlj (0] Qi . v, — V@i . (anj [O]UH)

Hence, there is an algebra homomorphism

p:Hgi(g) — End @ T,
ner

sending the generators to the associated action on uep Tu- Let us prove that p is injective.
Let X =7 | Q;P,X; be an element of H,,(g) such that p(X) = 0, with for all i € [1,p],

P € Klg*Meecipjer, Qi € K" ]sep-1cis) e,
and
X; = X; X},
where X; (resp. X;") is a monomial in the z;[n] with n < 0 (resp. n > 0). Without loss of generality, we

assume that the @; are unitary monomials in the shift operators and that the couples (Q;, X;) are pairwise
distinct.
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Let aw € P. For all i, let

Ui =Qi Vo, and pwe = F;-v,.
Let us prove that p; = 0 for all ¢ € [1,p]. Let us proceed by induction on the number of positive modes of
X;. For all i € [1,p], let d; be the number of positive modes in X" : if

X =i, )i, [na] . 2, [,

with n; > 0, then d; = k.
Firstly, let us prove that for all ¢ € [1,p], if d; = 0 then p; = 0. By assumption, p(X) = 0. In particular X
acts trivially on v, :

P
Y QiPiXwa = Y QiPiXv,,

i=1 i,d;=0

= Y piQiXiva,

i,d; =0
= D piXiv,
i,d;=0
=0.
By assumption, the couples (X, ;) are pairwise distinct. Thus, because of the structure of the direct sum,

for all monomial p € P,
Z piXiv,u =0.
d;=0

Moreover, because of the linear independance of the PBW basis, we get p; = 0 for all ¢ such that d; = 0.
Now, we assume there exists & > 0 such that for all ¢ such that d; < k, p; = 0. Let us prove that for all i
such that d; = k, we have p; = 0.

For all opposite monomials AT = x;, [n1]@i, [n2] . .. x;, [nk] and A~ = x;, [—n1]zi,[—n2] . .. x;, [—nk] such that
0 <ny <...<mny, for all monomial BT = x; [my].. .z, [mys] with m; > 0 and &' > k, for all p € P, a
straightforward computation gives :

BTA v, =cav, #0+= BT = AT,

with ¢4 a non-zero element in K.
By the induction assumption,

X = Z Q;P.X;.
di>k
Let ig such that ds, = k. Let A~ be the opposite monomial of X;" (by taking the symmetry :x;[n] — z;[—n]).
Let ¢; € K* such that X;" A~ v,, = ¢;v,,. We get :
X - (A_Uo) = Z QszXz . (A_’Ua),
d;>k

= ) QiPXi- (A7),

XF=x*
i iq
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= Z PiQiXi - (A7 va),
XF=x*

7 ’LO
= g Cipi X, Uy, -

Xt=xTt
i ig
Again, we get for all u € P,
Z cipiX; vy =0,

xt=x+
i =X

Hi=p

and by the linear independence of the PBW basis, we get ¢;p; = 0 then p; = 0 for all ¢ such that X Z+ =X ;g .
This is true for all i such that d;, = k. Hence, p; = 0 for all ¢ such that d; = k.

Hence, by induction, the nullity of p; for all i € [1,p].

Thus, for all « € P, P;-v, = 0. Let p € Nand for all 1 <n < p, let & = (&n1,---,&n0) € C[A]Y,

L

It is clear that for all @ € P,
Q vy = Q(q&(%al[o])7 o 7q§z(a70¢€[0]))'
Let

4
= E m;ws,
i=1

where w; is the i-th fundamental weight. We get

p L

Q.Uazzc’nnqﬁn,imwi =0, Vma,...,ms € N.
n=1 i=1
For all (n,i) € [1,p] x [1,], let X,,; = ¢*~i". The variables X,, ; and X, ; are equal if and only if &, ;r; =
&, w1y . However, the &, are pairwise distinct and the r; are non-zero. Thus, the X,, = (X, 1,..., X ¢) are

pairwise distinct: X, # X,,» if n #n'.

p 14
S J[x0i=0,  VYm,...mgeN
n=1 i=1

For ¢ = 1, we get a non-zero Vandermonde determinant, this yields to C,, =0 for all 1 < n < p.

Suppose the property holds for ¢ — 1 variables. Let us group the terms in our sum according to the dis-
tinct values of the first component X, ;. Let Uy,...,Us be the strictly distinct values present in the set
{Xi1,...,Xp1}. We can rewrite the sum as:

S
SNuml Y cuX3. X0 =0

s=1 n‘Xn,les
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Let us fix an arbitrary choice of (ma,..., my). The equation above holds for all m; € N. Using the exact
same Vandermonde argument as in the base case, the linear independence of the powers U/"* implies that
the term inside the bracket must be zero for each s:

Y X3 X =0

n|X,,1=Us
This new equation holds for all (mao,...,m;) € N1, Since the original tuples X,, were distinct, the trun-
cated tuples (X, 2,..., X, ¢) within the restricted sum (where X, ; is fixed to Us) are necessarily distinct.

By our induction hypothesis on ¢ — 1 variables, all coefficients C,, within this sub-sum must be zero.

Repeating this for all s € [1,S], we conclude that C,, = 0 for all n € [1,p]. This implies that P; is identically
zero as an element of the algebra.

This completes the induction step of our main proof. By induction, P; = 0 for all i € [1,p]. Hence X = 0,
which proves that Kerp = {0} and the representation p is faithful. ]

Hence, we will denote the x;[m] instead of p(z;[m]) as elements of End(€D,,cp 7). The previous proposition
gives :
Hae(9) = End(@ )
pnePrP
In particular, the y;[m];c;,, ., are algebraically independent as elements of End(G}ue pmy), and so for

(ai[n])iernzo or (xi[n])ier,no-

2.3. Topology on H, .(g). To define formal series with coefficients in H, ;(g) and products of formal series,
we have to take a completion of H, . (g). In this subsection, we define a topology on the double deformed
Heisenberg algebra and we construct the completion of #, ;(g) with respect to this topology. For all k > 0,
we define the ideals

I, = < Ty [n]ziy [ne] - i, [nm] 5 n1 <ng < --- < nyy, ZmaX(O,nj) >k >
j=1
(Ix)kez be the neighborhood base at 0. This endows a topology on H, .(g).
Let #H4.+(g) be its completion with respect to this topology.
Hya(8) = lim (Hq(8)/Ix)

k—oc0

This means that an element X € ﬁq7t(g) can be identified with a coherent sequence (zy)g>1, where z) €
Hq,1(8)/ Ik, such that for all k, the natural projection onto Hq¢(g)/Ix maps xxy1 to .

Concretely, the completion consists of potentially infinite sums of monomials that converge to 0 in the
topology. An element X € 7-7”(9) is a finite sum or a formal series:

o)
X = chMj
7=0
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where ¢; € K\{0} and each M; is a monomial in the generators, satisfying the following convergence
condition:

For any integer N > 0, all but a finite number of terms in the sum belong to the ideal I .

Based on the definition of I}, this implies that the "annihilation degree" of the terms must tend to infinity:

d;
lim max(0,n,,) | = +oo,
Jj—o0 — |
p=1
where
Mj = iy, [ng, @i, [ng,] - @i, [0, ]
For all v € @#GP T, there exists N > 0 such that for all £ > N,
Ik cv=20
Hence, if X = Z;io ¢; M;, then for all v € @uep Ty, there exists M > 0 such that
00 M
X~v:chMj ~v:chMj RS @ﬂ'u
3=0 7=0 pnepP

We shall now prove that the representation p extends to a representation p of the completion ﬁq,t(g) on
&b pep T and that this extension is injective. Again, this may be well-known to experts, but we write a proof
for completeness.

Proposition 2. The extension of p : ﬁqyt(g) — End(€D,,cpmu) is injective :

Ha(g) = End(EP 7).

pner

Proof. We can deduce the injectivity of p directly from the injectivity of p on the subalgebra H,.(g).
Let M = m;, [n1]xs,[ne)] ... 24, [nm] be a monomial in the generators of H, .(g). We define the annihilation
degree of M, as the sum of its strictly positive modes:

Z max(0,np).
p=1

If M does not contain any strictly positive modes (for instance, if M consists only of creation modes, zero
modes, or if M = 1), we set it to 0.

Let X = Z;io ciM; € ’;qq,t(g) be a non-zero element such that 5(X) = 0. By the convergence condition of
the completion, the total number of positive modes (the annihilation degree) in the monomials M, tends to
infinity. This implies that for any integer k > 0, there are only finitely many terms in the formal series with
an annihilation degree equal to k.

Since X ## 0, there is a minimum annihilation degree present in the sum. Let & > 0 be this minimum degree.
We can uniquely decompose X as:

X = Xp + Xop

where X contains all terms of X with an annihilator degree exactly equal to k, and X~ contains the rest
of the series (terms with annihilator degree strictly greater than k).
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Crucially, because of the limit condition of the topology, X} is a finite sum. Therefore, X}, is a well-defined,
non-zero element of the subalgebra #, +(g).

From our previous proof on the subalgebra H,(g), the injectivity of p relies on the fact that a finite
operator X with annihilation degree k acts non-trivially on at least one excited state w = A~ vy, where
A7 =z [m]xi,[ne] . .. x5, [ny,] is @ monomial verifiying Y. n; = —k. Thus, X, - w # 0.

Now, let us consider the tail X~ . By definition, every monomial in X~ has an annihilation degree > k + 1.
Therefore, X5 € Ir1. By definition of w, any operator from I ; will annihilate it:

X>k W = 0
Evaluating the full operator X on the vector w, the infinite series truncates exactly to the finite part:
X~w:(Xk+X>k)~w:Xk~w+O7E0

This contradicts the assumption that p(X) = 0 on the entire space. We conclude that Kerp = {0}, and the
extended representation remains strictly injective. O

To simplify the notations, we will denote the completion H, .(g) instead of ﬁqﬂ:(g).
Monomials in H,¢(g). Let M be the multiplicative monoid of monomials in the variables x;[n], ¢%¥: (], and
e withi € I, n € Z\{0}, £ € C[B]\{0}, and v € B~'C|[B] with coefficients in /K. Thus, an element M € M
is of the form

M = Mz, [ni]zi, [ng] . . LT, [nm]qilyl o q&aye Olem@1 Qe

with A € K*, i1,...,ipm € I, ny,...,ny, € Z\{0}, and &1,...,& € C[B], 71,...,7v € BLC[A].

3. Hy:(g) AND W ()

In this section, we recall the definition of the deformed W-algebra W, ;(g). It was introduced by Frenkel
and Reshetikhin in [FR98]. We first introduce some formal power series in H,+(g) and then we recall the
definition of the screening operators all due to Frenkel and Reshetikhin. Finally, we recall the definition of
the deformed W-algebra as the subalgebra of H,(g) commuting with the screening operators.

3.1. Some fields in H,.(g)[[2*!]]. In this section, we introduce some formal power series in H,, ;(g)[2*]
due to Frenkel and Reshetikhin ([FR98]), that will be useful in the definition of the screening operators and
the deformed W-algebra. We begin by recalling the notion of fields.

Definition 2. A field ®(z) € H,,(g)[2F'] is a formal power series
O(z) =Y Anz",
nez

such that for all z € P Ty, there exists N € Z such that for alln < N, A,z = 0.

nerP

For each ¢ € {1,...,¢}, we introduce the following symbols:

AZ(Z) _ t2(pv7O"i)q_2r(p’ai)+2a’i[0] exp Z a; [m]z_m ,
m#0
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Yi(z) = t2(pv,wi)q—2r(p,wi)+2y¢[0] exp Z yi[m]z™™
m#0
Note that (pV,a;) = 1,7(p, ;) = 1.
: A;(2) : and : Y;(2) : are formal series with coefficients in #H,(g). We have :

s Ai(z) = t2(P\/7ai)q_2T(Pyai)+2ai[0] : exp Z ai[m]z—m c Hq,t(g)[[zil]],
m#0

LY (2) 1= 2007w g 2o 20 oxp | Ny mle ™ | re Hy(0)[[2F]),

m#0
where : - : stands for the normal ordered product (see [FBZ04]). In general,
: exp Z x;[m]z7" | 1 = exp (Z xi[m]z_m> exp (Z xi[m]z_m> .
m#0 m<0 m>0

The Fourier coefficients of these formal series lie in H, ;.

Remark 3. It is not the same as defining directly A;(z) and Y;(z) as the formal series with the normal
ordering. Indeed, a priori, we have :

:Yi(2) = Yi(za) : 1 # :Yi(2)Yi(za) :

3.2. Screening operators. In this section we define the screening currents introduced by Frenkel and
Reshetikhin in [FR98]. The (—1)*® Fourier coefficient of the screening currents are called the screening
operators, and the deformed W-algebra is a set of fields commuting with the screening operators.

We define #; ,(g) := C[[h]]((8)) @k Hq.1(g)-

For each i € {1,...,¢}, m € Z\{0} define the modes s;-[m] for m € Z by the formulas

m

a;[m] q" —q

+ 2 i B
stim] = T —— xz[m]m(qmri — ) € Hqi(g), m#0, 9)
_ ailm] qr—q ™ /
5 [ ] - tm _¢—m - xl[m} m(tm _ t_m) € Hq,t(g)v m # 0. (10)

Remark 4. The element s; [m] does not belong to #H,(g) as it involves negative powers in (3.

Now define the following symbols :

S (z) = e /M exp Z si[m]z=™ |, (11)
m#0



FUNDAMENTAL FIELDS IN THE DEFORMED W-ALGEBRAS 15

S7(z) =e9/Pexp | — Z s; [m]z=™ (12)
m##0

The screening currents are the following fields with coefficients in H,.(g) :

1S () = e @i/ exp Z si[mlz"™ | = Z Sj:mzm € Hy.e(0)[[2E1], (13)
m#0 meZ
ST (2) = e/P iexp [ - Z s; [mlz=™ | == Z Simi" € H;t(g)[[zil]], (14)
m#0 meZ
where for all n € Z, for all i € {1,...,¢}, S;’rm (resp. S;,,) is seen as a linear map from 7o to m_gq,r/r, (resp.

from 7o to Tpq,)-

Remark 5. In standard references such as [FR98] and [BP98], the screening currents include a zero-mode
factor 25719 and are defined as follows :

S (2) = e~ @i/riy=sll0] exp Z sfim]z—™
m7#0

087 (2) = QiP5 0 oxp | — Z s; [m]z
m7#0
However, when acting on the module 7p, this operator acts as the identity. Consequently, we omit this
factor in our definition. This omission is necessary to ensure mathematical rigor: we require our objects to
be formal power series in z with coefficients that are strictly independent of z. Since the status of ZEsT 0]

as such an object is ambiguous, removing it ensures that the screening currents are well-defined formal series.

They satisfy the difference equations:
DS (g = 2 Ai(2)S (") 1, (15)

and

DS (2t) =727 Ay(2) Sy (2t 1 (16)
3.3. The algebra H,;(g). In this section, we introduce what Frenkel and Reshetikhin call the deformed
chiral algebra ([FR98, FRI7]) Hy(g). It is a vector space spanned by the monomials on the Y;(za) and
their derivatives. The double deformed W-algebra will be defined as a subspace of H, ;(g). However, in this
paper we will only consider the monomials on the Y;(za) without any derivative. It makes sense as this is a
subspace of Frenkel and Reshetikhin deformed chiral algebra, but the deformed W- algebra we obtain is not
trivial. The second difference with the definition in [FR98] is that in Frenkel and Reshetikhin definition, the
spectral parameters lie in ¢“t%. In our context, we allow all spectral parameters in C*¢%t” so that the limit
t — 1 contain more g-characters (this will be studied in an upcoming paper).
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Let Hy . (g) C Hq:[2'] be the vector space spanned by formal power series of the form
1Y (za1) LY, (zam) " € Hau(9)[[2F1]]

form>1, ¢ ==1, a1,...,an € C*¢“t%.

Lemma 2. The normal ordering : Y, (za1) ...Y; (za, ) : is independant on the ordering of the factors.

im

Remark 6. The original definition introduced by Frenkel and Reshetikhin in [FR98] is the K-vector space
spanned by the monomials of the form :

LMY, (2 M) L OY (2 ) s € Ha(9)[[2]]

with ¢; = 1.
Definition 3. Let M be the following set :
M = {: Vi, (201)7 ... Yy, (2am)™ i} C Ho(0)[[2*]]

form > 1, ¢ = +1, ay,...,am, € C*¢*t%.
An element m € M is called a monomial in the Y;(za)**.

Proposition 3. The map
+
K[Y  Nieraecrgree —  Hau[z*']

d d d d
Zp:l A [Ti24 Yi, iap: — Zp:l At T2 Yjp,i(wp,i):

2 are algebraically independent with respect

(17)

is an injective linear map. In particular, the fields Y;(za)
to the normally ordered product.

i€1,aeC* g2t

Proof. Let (M,), be a finite set of distinct monomials such that

N
D> M, =0
p=1

We will prove that for all p, A\, = 0. Let
Mp = Y}p,l (Zapal)mpJYjpj (Za‘p72)7n:ﬁ=2 T }/jp,dp (Zap;dp)m%dp :
We define the following left-ideal of the algebra H, +(g) :
/H:;,t(g) = (xi[n], (qui[o] - 1), (tyi[o] - 1)>iel,§etc,n>0

We define the canonical projection IT : Hg 1 (g) — Hq¢(g)/H,,(g). It is a homomorphism of left H, 4 (g) —
module. We define its extension to formal series with coefficients in H,+(g) as follows :

H:{ Hq,t(g) — Hq,t(Q)
ZnGZ Anzn — ZnEZ H(An)zn

Then
> AII(M,) = 0.
p
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Furthermore, for all i € I, for all a € ¢“tZ,

H(Y;(za)) =11 <t2(PV,wi)qQT(P,wi)+2yi[0] exp (Z yl[n}(az)n> exp (Z Yi [n](az)”))
n>0 n>0
= Cexp (Z yAn](az)”) ,

n>0

with € = £200" @) g=2rp) € .
Thus,

dp
I(M,) = Cpexp Z Z Mo, Yjy, . [—1) 2" ap "

n>0r=1
dp dp
=Cp|1+2 Z My rYj, . [—1]apr + 22 Zmp,ryjpyr[fQ]szm2
r=1 r=1
2

1 P
5 ZmpTy]pr apr +...

dp

1 k
:szzn Z ]?H Zmpry]pr[ njlap," |,
n>0 1<k<n j=1

ny+-tng=n
n;>0

with C, € K* a non-zero constant depending of ¢, t.
It is a linear combination of elements of the form

}kz. ]ks

2"y, [=na ]y, [a Y, [T

but the (y;[—m])icr,m>0 are algebraically independent in H, +(g). Then for all finite set of tuples (i, 1y, k) €
I x N* x N* such that the (i,,n,) € I x N* are pairwise distinct, 1 <u <'s,
ko

Suirst 3 mon) o

Tip,r=tu

Then for all finite set of couples (iy,ny, ky) € I x N* x N* such that the (i,,n,) € I x N* are pairwise
distinct, 1 <u < s,
kuw

Z)\ Cp H Z My rQp = 0.

u=1 T‘jpm:iu
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— n
Let Spu =2, =i, Mprapr"". We have

k1 ke ks _
DRI S We R}
br,...,bs €K~ p
Vu,Spu=by

This equality holds for all (k,) € (N*)*. It is a Vandermonde system and it implies

> NG =0
I3
Vu,Sp u=by
for all (by,...,bs) € (K*)°.
Let p € [[1, N]]. We want to conclude that A, = 0. So we want to prove that this sum contains at most one
term. We assume that there exists p’ such that for all set of pairwise distinct couples (iy,n4,), € (I X N*)5,
for all w € [[1,s]], Spu = Spr.u- Then for all set of pairwise distinct couples (iy,n4), € (I x N*)*, for all

u € [[1,s]],
E Myp Gy = E , My Q™
r|ip,r=tu T‘jp/’,.Ziu
Then
E E my 0™ = E E My ra"™™,
acK* T‘jp,,ﬂ:iu acK* ’l"‘jpl,,r,:iu
ap,r=a apr p=a

and we obtain the following Vandermonde system

g E Mpr — E My | @™ =0.

a€K* | rljp,r=iu iy =t

ap,r=a —
P, apl p=a

We fix i, and we vary n,, to obtain for all u € [[1, s]], for all 7,

E , Mp,r = E , mp’ -

Tlip.r=iu Tlipr r=iu

ap,r=a =a

plr

Each sum contains at most one term. It implies M, = M,y and p =p’.
Finally, we can fix a s—tuple (iy,ny,by)u € (I X N* x K*)® such that A, is the unique term in the sum
>, ApCp = 0. Hence A\,Cp, =0, and

Vu,Sp,u=bu

Ap = 0.

Corollary 1. (1) The map (17) is an isomorphism of vector spaces :
H,:(g) ~ K[}/;il]iel,ae([:*q%tza

sending Yzia1 > Y;(za)*t.
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2) The (A;(za))icr.accrqzez are algebraically independent in Hy, ; with respect to the normally ordered
€l,aeC*q q,t\g
product.

Proof. (1) The map (17) is surjective by definition of H, ;(g).
(2) The proof is the same, replacing Y;(za) by A;(za), because of the algebraic independance of the

(ai[n])iermez in Hq(g).
O

Definition 4. We also define a degree. We denote d; o, the degree of a field ®(z) by taking its Y; o-degree in
the image of ®(2) in K[)/iil]iel,ae(c*qztz'

3.4. The deformed W-algebra W, ,(g). We shall now define the deformed W-algebra W ,(g) as intro-
duced by Frenkel and Reshetikhin in [FR98]. Firstly, we define the screening operators as follows :

S =81 €Hanln),  S7 =81 €Hyula),

where
SHw) = 3 8w e Hyu@ ), ST(w) = 3 Sow™ € Hale) )]
meZ mezZ
It is the Fourier coefficient in front of w=!. It is also called the residue at 0 of Sii(w). We say that a field
A(z) = Y Apz™™ € Hqa(9)[[z*']] commutes with an operator B € H, ,(g) if for all n € Z, A, commutes
with B.

Definition 5. Let W ;(g) be the vector subspace of H, ;(g) of fields commuting with the screening operators
SE.

The deformed W -algebra associated to the Lie algebra g is the subalgebra of H, .(g) generated by the Fourier
coefficients of the fields in W ,(g) and is denoted W, ,(g).

By abuse of notation, both W, ,(g) and W ,(g) are called the deformed W -algebra.

3.5. Some Computations. In this section, we provide the fundamental computations required for the next
sections. In particular, we derive explicit expressions for the coefficients within the fields of W +(g).

3.5.1. Operator Product Expansion (OPE) and difference relations. We recall the following OPEs from
[FR98, BP98] for all 4,5 € I, i # j :

+ o 1-t2 + + -t s
1 Yi(z) = S; (w):=t T——iw :Yi(z)Si (w) : 2 S; (w) ::Yi(z)::ﬁ 2 S; (w)Y;(z) :
1l—qg T 1—qg"i &
S Yi(z) S;(w) = qzn <1qqnwz> : Yi(z)S;(w) : : S;(w) 2Yi(z): = H%zwi : S;(w)Yi(z) :
HYi(2) = ST (w) 1 =2 Yi(2)ST (w) i=: ST (w) = Vi(2) : (i # 5)

The first and second (resp. third and fourth) expressions have to be understood as formal power series in
positive powers of % (resp. Z). We remark that the first two rational functions are the same as third and
fourth.

To construct elements in W ;(g) means constructing elements ®(z) such that for all i € I,

Res, [®(2), SE(w)] = 0.
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Thus, we will use the difference relations (15), (16) to get :

Y Yi(2) LS (w) = 2P Y ) vi(2) A(zqi ) ST (wt
5(zqm> Yi(2) S (w) =170 5(%]”) Yi(2) M Ai(zq"t ) S; (wt?) (18)
and
J (%) Yi(2) 7S (w) == 17270 (Zt“il)  Yi(2) M Ai(2q ) S (wgr) (19)

3.5.2. Commutators with the screening. We deduce the following commutator: let
n
M(z) =: H Yi, (za;)=™ o,
j=1

with €; = +£1, m; > 0, a; € C*¢*t*. We have for all j € I :

N 1 — ¢—ck 2%\ Mk 1 — ¢—ck 2%\ Mk N
[ M) SHw) ] = lisw [ T | e 11 T : M(2)SF (w) :,

klig=3 klig=3
1— qskrj zag mE 1— qskrj zag m
[: M(Z) N SJ_(’LU) :] = |:'iz,w H (W) - iw,z H (W) :l : M(Z)SJ_(’LU) o
klig=j h klig=j h

where i, 4, (F') (resp 4w, (F)) is the formal power series expansion in |w| < |z| (resp. |w| > |z|) of the rational
function F'.
For example, if ¢ € I,

[ Yi(2) o ST (w) i =0 (Sa7) (@ = 1) Yil) ] (w)

z
To simplify the computations, we will put some hypotheses on the monomials.

Let : M(2) : € Hq.4(0)[[2F]] such that

with a;,b; € C*q%t%, i;, j; € I, and such that

forall 1 <i#j<r, (i,a;) # (i5,q;).

for all 1 < ) #_] < S, (]zabz) 7é (jjvbj)'

forall 1 <i<r foralll <j<s, (i;,a;) # (

forall 1 <i<r foralll <j<s, (i,a;) # ( .

forall 1 <i<r, foralll<j<s, (i;,a;) # (j;, bjt2).

forall 1 <i<vr, forall 1 <j<s, (i;,a;) # (jj, bjg* it™2).

for all 1 < i,j < r,if (i;,a;) = (ij,a;¢*" it~ ?), then there exists 1 < u,v

(i3, a;q7 ") and (iy, ay) = (45, a;t?).

o forall 1 <i,j <s, if (ji,b;) = (jj,b;¢*7it2), then there exists 1 < u,v < r such that (j,,b,) =
(Jis big=?7:) and (ju, by) = (ji, bit?).

IN

r such that (iy,a,) =
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Remark 7. We will define later that such a monomial is called generic and regular.

The two first items express the genericity, the third one expresses the fact the monomial is reduced (we do
not have terms of the form Y;(za)Y;(za)™1).

All the other items express the regularity of the monomial.

Let R C [1,7] (resp. S C [1,s]) be the set of indices i such that for all 1 < j <7, (ij,a;) # (i;, a;qg" ")
(resp. for all 1 < j <, (j;,bj) # (ji, big*™#)). Then we have the following commutators :

M) e Sp = | S G (et S e (G ) | M)

i€R|i;=k jeS|ij=k
The coefficients C,fi are given by the partial fraction decomposition of the rational functions written above.

3.5.3. Which coefficients for the monomials in the fields in W (g) ¢ We treat here the generic and regular
case. As Y (za) interferes with the screening operator S if and only if ¢ = j, we can consider a monomial
M, expressed only in terms of the Y;il. Let

s My =:Y;(za)Yi(zby) ... Yi(2bg)Yi(zer) 7t Yi(ze) Tt

and
: My i=: My Ai(zaq "it) ' = Yi(zaq 2" 1t?) "1Y;(2b1) ... Yi(2by)Yi(zer) 7t Yi(zel) 7 s
The presence of My in our field serves to cancel the residue of the delta-function §(*¢"a~ 1) in the expression
of [ My :, S]]
By a straightforward computation, the term in front of 6(%¢"a~ Din [ My, 8] is
k —2r; p—1 £ _
1 —qg “"ab; 1—ac;t
2r; (k—£+1) 1— —2r; J u

and the term in front of 6(%¢" ¢t ?a™"') in [: My :, S| is

b1 — g rit2ab; !

2 (k—l—1) 2 j S 1-tac,’
ri(k—€=1) (1 _ ;27 U
q ( q )jgl 1 _ tzabfl ugl 1 _ q72’l‘it2ac’;1

To cancel the residue of the delta function §(2¢"ia™"') in [: My 3, S; ], the difference relation implies that the
coeflicient Apy, in front of : My : must therefore satisfy:

k —2r; 42 -1 ¢ _
1 — g 2" t%ab; 1—t2ac?t
)\ M, X q2r1q2ri(k7£71)(1 . q2ri) J U
II _ 42,51 II 2142, 1
=1 1—1¢ abj st 1 — g ?"it?ac,
k —2r -1 7
1—q "ab; 1—acy, —1
_ 2r; (k—f+1 —2r; J ] I
= ~Aas X " 1 =q7n) 1—ab;! 1—qg2riacy
. U

j=1 J u=1
Thus

. ﬁ 1—q’2“ab H tzab ﬁ (1 —ac;)(1 — g ?"t%ac;t)
M =1 l—ab Y1 —g~ 2’”71€2ab (1—q¢2riac,')(1 — t2acy ')’

(20)
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Remark 8. We recognize a product of S-functions defined by Kimura and Pestun in [KP18a] (see equation
(3.45) in section 3.5.2).

Proposition 4. Assume Ay, € K*. If the parameters a,bj,c, € C*q“t% avoid the exact resonance set
abj_l,ac;1 ¢ {1,¢°",t72,¢*>"it=2} for all j and u, then Ay, € K*. Moreover, if abj_l,ac;1 g {t71, ¢?rit=1},
then )\1\/[2/)\]\41 € Qs+ 0K.

Proof. Tt is enough to show that each block in the product evaluates to a non-zero complex constant as
(h,B) — (0,0). Let x denote either ab;1 or ac;'. By definition, z = Ce™+"#) for some C' € C* and
m,n € 7.

If C # 1, all factors in the block are of the form 1 — C + O(h). Since 1 — C # 0, the block is invertible in K.
Now assume C = 1. Consider the block associated with b;:

(1 — e 2milg) (1 — e2Bhy)

Ny(z) = (1= 2)(1 — e(—2rit2B)hg)

Using 1 — " = —hA(1 + O(h)), we factor out h? from both the numerator and the denominator. The h?
terms cancel perfectly, and the leading order as h — 0 leaves a rational function in f3:

(m + 1B = 2r)(m + (n +2)8)

(m4+nB)(m—2r; + (n+2)P)

Dy(8) =

Evaluating at 8 = 0 gives Dy(0) =1 # 0, unless m = 0 or m = 2r;.

If m = 0, a factor of 3 cancels out, yielding limg_,o Dy(5) = "TH The hypothesis in the Proposition ensures
n ¢ {0, —2}, making this limit a well-defined non-zero constant strictly positive if n # —1.

If m = 2r;, a similar cancellation gives limg_,o Dy(5) which is again finite, non-zero since n ¢ {0, —2}
by assumption and strictly positive if n # —1.

The block associated with ¢, is simply the reciprocal, N.(y) = Ny(y)~!. By the same analysis, its limit is
also a non-zero constant. Since the h? singularity is fully removed and the evaluation at (h,3) = (0,0) is
strictly non-zero, every block is invertible in K. Thus, Ay, € K*. a

J— n
T n+20

Example 1. In the case of g = sly, we have ry = 1. Let us consider the field
T(2) = Y(2)Y(2q72) : +X2 : Y(2)Y (2¢7 )71 43 : Vi(2q72t%) 7Y (2¢~ %) 7L
We have My =: Y (2)Y (2q72) : and Mo =: Y (2)Y (2¢~*t2)~1 :. By (20), we have

(q+q " )(gt™t —q ')
q2t71 _ q72t ?

Ao =g

then we get
th—l _ q—Qt

Az = A
P g (gt g1

= A1

Finally, setting A\ = 1, we get the field
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g+ q (gt —q 't o
( q2t)1 =, ) (Y (2)Y (2q )7

T(z) =Y (2)Y(2q7?) : +

+: V(2 )Y (2 )L
and we recover the interpolating function introduced in [FR96, FRI8] and constructed in a more elementary
way in [FH11] (Section 4.3).

4. CONSTRUCTION OF FIELDS IN W ;(g)

In this section, we explicitly construct elements in W, ;(g). We introduce an algorithm inspired by the
Frenkel-Mukhin algorithm [FMO1]. First, we describe this algorithm which, given a generic dominant regular
monomial m € M (defined below), produces a field in Hg ;(g). Then, we prove that this algorithm is well-
defined and that the resulting field lies in W, ;(g). Finally, we give examples of the results of this algorithm
for various types of Lie algebras.

The Frenkel-Mukhin algorithm is inspired by classical Lie algebra representation theory, where characters
are constructed using the Weyl group action by subtracting simple roots from the weights.
The two main differences between the Frenkel-Mukhin algorithm and the one we propose are the following:
e First, at each step, we do not define an i-expansion as Frenkel and Mukhin do in [FMO1]. Instead,
we expand each admissible variable Y;(za) (defined below) one by one.
e The second and main difference is the definition of the coefficients associated with the new monomials
created at each step of the algorithm. Indeed, in [FMO01], the coefficients are defined as maxima, while
here we define them explicitly as a quotient of residues of rational functions using formula (21).
From now on, to simplify notations, we will drop the normal ordering symbol : :. For all monomials m, m’ €
M, the notation mm’ will always denote the normal ordered product : mm/’ :.

4.1. Description of the algorithm.
Definition 6. We say that a monomial M € M is dominant if for all i € I, a € C*¢%t%, d; o(M) > 0.

Remark 9. It is well-defined since the variables Y;(za) are algebraically independent in H,, ;(g) with respect
to the normal ordered product.

Let us firstly introduce some condition we will impose on our fields in this framework.
Definition 7. We say that a monomial M € M is generic if for all i € I,a € C*¢%t%, d; (M) € {—1,0,1}.
We say that a monomial m =: [[, Y}, (za;) : is regular when for all a € K, for all i € I,
e If d; o(m) > 0 then d; ,,—2r; (M), d; ar2(m) > 0
e If d; o(m) > 0and d; ,4-2r42(m) > 0 (vesp d; o(m) < 0 and d; ,4-2r42(m) < 0), then d; ;o2 (m) >0
and d; g2(m) > 0 (vesp. d; 4q-2r (M) < 0 and d; 442 (m) < 0)
Let m be a regular monomial. We say that Y;(za) is admissible in m if

dia(m) >0 and d; ,4-2r; (M) = dja2(m) =0

Remark 10. Roughly speaking, to be regular means not to contain Y;(za)Y;(zag=2")~! nor Y;(za)Y;(zat?)~1,
and to contain Y;(za)Y;(zaq=2"t?) only if it also contains Y;(zaq=2")Y;(zat?).
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Now let us describe an algorithm which, given a generic dominant regular monomial m, gives an element
T(m) € Wy +(g) such that m is the unique dominant monomial appearing in the expression of T'(m) :
We want to obtain a list of monomials with their associated coefficients.

e Step 0 : We get the first monomial to be m with the coefficient 1.

e At each step : At the previous step, we obtained a list of monomials with their coefficients :
)\1m1, )\ng, ey )\pmp.
If any m; is not regular or not generic then the algorithm fails, it stops here. Else, for each
1 < ¢ < p, for each admissible Y} (za) in m; then if it was not already created, we create the
monomial m/, (o) = A (zaq™ 7“71,‘)
We shall now compute the coefficient absociated to m;y(m). We set :

mi =: Yj(za)Y;(2b1) ... Y;(2bp)Y;(2c1) oL Y(2er) i
and

m; (j.a) = Yj(zaq™ i)Y (2by) . Y (2bg) Y (2e) T ..Yj(ch)_ln;(j’a) i

where n; and ni ()
The coefficient \; j, associated to m/, (j,a) 18 defined as in (20) :

are monomials in the variables Y, (zd) for u # j and d € K.

k —2r; 2 7—1 4 _ I, Y _
(1— tab;)(1 — t2ab; . N1 =27 42 —1
. _ H g 2iabt)( ab> ) H (1 —ac; Y (1 — g *"it%ac,t) (21)

(1 —ab; q_2rlt2ab h (1 —q2riac, )1 — t2acy ')’

™, (J a)
u=1

We repeat the steps until no new monomial can be created. We denote by T'(m) the sum of all the mono-
mials created with their associated coefficients. We have seen that this coefficient lies in K (see Proposition 4).

Definition 8. Let m € M be a dominant generic regular monomial. We define A(m) to be the set of
monomials created by the algorithm (including the initial dominant generic regular monomial m).
For all M € A(m), i € I, and a € C*¢%t%. We say that the transformation A;(za)~! is admissible in M if
Yi(zaq"it~!) is admissible in M.
Let m be a dominant generic regular monomial. We say that m’ € M appears in the algorithm if
m' € A(m).
Example 2. For g = sly, we can construct a field T(z) € Wy.(g) starting from the dominant monomial
m =Y (2)Y(2q 2)Y (2t?) :
T(z) = Y(2)Y(2¢ 2)Y (2t) : 41 : Y (2)Y (2¢ DY (2¢ 2t 4
X2 1 Y (2)Y (2 ) 7Y (2t?) : 403 : Y(2)Y (2 M) 7Y (2 ) 7 4
+: Y (2 2 Y (2 M) T Y (2 2 T

where

yoo @ -n@ -2 (@R - —) (@ D+ 1) )

1= (¢* — ) (22 — 1)’ 2= (@ — tH (22 — 1) 3= (¢* — 2)(¢% — t%)

Remark 11. (1) A priori, the algorithm does not end in finitely many steps.
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(2) We can wonder if the regularity and genericity of the initial monomial m implies the regularity
(resp. genericity) of all the monomials produced by the algorithm. It is not the case as shown by the
following example in type Dy :

Let us consider the following indexation of the Dynkin diagram in type Dy :

4

1 2 3
We consider the initial dominant generic regular monomial :
m = Ya(2).
Step 1 : The term Y5(z) is admissible in m. We get the monomial :
my = Y1 (2q 1) Ya(2q 2?) 7Y (2q 1) Ya(2q 7 11).
Step 2 : The term Y;(zq~'t) is admissible in m;. We get the monomial :
my = Y1 (2¢73t3) 71 Y3 (2¢7 ) Ya(2qg 7 11).
Step 3 : The term Y3(zq~'t) is admissible in my. We get the monomial :
my = Yi(zq %) Ya(2q72?)Ya(2q %) " Yalzq ).
Step 4.a : The term Ya(zq~2t?) is admissible in m3. We get the monomial :
my = Ya(2q M) 7Yy (2q7 ) Ya(zq33).
my is generic but not regular as it contains Yy (zq~1#)Yy(zq 3t3).
Step 4.b : The term Y;(2q~'t) is admissible in m3. We get the monomial :
ms = Yi(2q~3%) " Ya(2q22)2Ys (2~ 31%) "1 Ya (2 33) L.

ms is regular but not generic as it contains Ya(zq~2t?)2.

4.2. Graph representation of the algorithm. We can represent the algorithm as a graph where the
vertices are the monomials appearing in the algorithm and the edges represent the transformations of the
algorithm. This definition is inspired by the graph defined by Frenkel and Reshetikhin in [FR99]. However,
in this framework, for clarity we omit the coefficients in the graph. But they exist and we can explicitly
compute them step by step using the formula 21.

Definition 9. Let m be a generic dominant regular monomial. We assume the algorithm starting from the
monomial m never fails. We define the oriented colored graph G(m) associated to the algorithm starting
from m as follows :

e The set of vertices of G(m) is the set of monomials A(m) appearing in the algorithm starting from

m.
e There is an oriented edge of color Ai(zaq_”t)_1 from a vertex mj to a vertex my if and only if
Yi(za) is admissible in m; and ma = myA;(zaqg "it) "L,

Remark 12. We will draw all the paths such that the edges are directed from up to down so that the upper
monomial in the graph G(m) is m.
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Example 3. o For g =sly, for k € Z\{0,2}, and m = Y1(2)Y1(2q~%t*) we obtain the following graph

Yl(zq’ztk)Yl(z)

Ai(zq~'t)7! Aq(zq=3tk+1)—1
Yi(zq ") Va(2q72%) ! Vi(zq %)Y (2)
Al(zq—iithrl)—l A1<Z{]7]t)7]

Yi (Zq—4tk+2)—lyl (Zq—QtZ)—l

o Forg=sly and m =Y1(z) :

Yi(2)
Ay(zq )7t
Yi(zq *t?) 'Ya(2q ')
A (2q72) 71

Yo(2q%1%) Y3 (2q721)

As(2q72%) 7!

Ys(zq 4

Y (g~

Ay(zq~4t4)

n(zq—stf))—l

4.3. Well-definedness of the algorithm. It is not obvious that the algorithm described above is well-
defined as the coefficient A; ; defined in (21) seems to depend on the path taken to create the monomial
m;k. For example, in the first example in Example 3, the monomial Y;(zq~*t*t2)71Y](2¢~2t2)~! can be
obtained in two different ways. We need to prove that the coefficients obtained are the same.

To prove this, we proceed in two steps. Firstly, we prove in Corollary 2 that if a monomial is reachable via
two distinct transformations in directions i and j starting from M and N respectively, then M and N share a
common ancestor. This ancestor is guaranteed to exist within the subgraph restricted to the arrows coloured
by A.(zc)~! for ¢ € C*¢*t* and u € {i,j}. In order to prove this, we have to prove the technical Lemma
3 which formulates a sufficient (and necessary) condition for a monomial to come from a transformation.
Finally, we prove that the coefficient obtained by traversing the cycle along the right-hand path is identical
to the one obtained along the left-hand path. This proof is a basic computation in a rank 2 Lie algebra.
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After that, we need to prove that if the algorithm does not fail and ends in finitely many steps then the
element constructed lies in W 4(g).

Let us begin with some definitions and the technical lemma.

Definition 10. (1) We say that the algorithm works if it never fails and ends in finitely many steps.
(2) Let m be a generic dominant regular monomial such that the algorithm starting from m works.
For all X € A(m), there exists h > 0, i1,...i, € I and ay,...a, € C*¢*t* such that X =
mA;, (za1)™1 -+ A;, (zan) ™t We define the height of X to be h. It is well-defined since the vari-

ables A;(za) are algebraically independent in #, .(g) with respect to the normal ordered product.

Lemma 3. Let m € M be a dominant regular generic monomial. We assume the algorithm starting from
m works. For each monomial X € A(m) appearing in the algorithm, for all i € I, for all a € C*¢%t%,
if di,o(X) = —1 and d; 42ri (X),d; 04-2(X) # —1 then there exists a monomial X’ also appearing in the
algorithm such that X'A;(zaq"t~1)~! = X.

Remark 13. This lemma seems natural and seems not so hard to prove. Indeed the proof is not hard but
quite technical and long as I did not find a simpler way to do it.

Notation 2. Let m =Y, (za1)* ... Y;, (zag)®*. We will say that a monomial X € M contains m (or that m
appears in X) if for all 1 < j <k, d;, o, (X) = ¢;.

Proof. We prove it by induction on the height of the monomials.
Height 0 : The only monomial with height 0 is the dominant generic monomial from which we start our
algorithm. Hence the property at height 0.

Height h + 1 : We assume the property is true for all the monomials with heights A’ < h € N. Let us prove
it for the monomials with height h 4+ 1. Let X be a monomial with height h + 1. Let i € I, a € C*¢%*t”
such that d; ,(X) = —1 and d; 442r; (X),d; 44—2(X) # —1. The monomial appears in the algorithm and its
height is strictly positive, so it has to come from a monomial X’ with height h. Let A;(zbq" t~1)~1 be the
transformation involved. It implies that d;,(X) = —1 and d; ; 2r;,—2(X") = 1. If (i,a) = (j, ) then we have
the result. We assume (i, a) # (j,b).

In all this proof we assume the Dynkin subdiagram with nodes {4, j} is of type Ay, A; x Aj, or As. In the
other cases the proof has the same structure but the parameters change and the order of transformations
differ. The reader can find a proof in type Bs and G2 in Appendix B. We have :
X = X'Aj(zbg" it 1)1
Hence,
djpgrris—2(X') =1
dJ p(X) =-1
ie(X) =djo(X') for all ¢ & {b,bg*"it=2}
dkc( )dec( Nforallk#j,ce K
We know that d; o(X) = —1, then (i,a) # (j,bg*"it=2). Moreover, we know that (i,a) # (j,b). By the
relations listed above, it implies d; ,(X’) < —1. The monomials are all generic, thus

dia(X') = —
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Then by the induction assumption, one of the two following assertions is true :

(a) di’anTi (XI) =—1or di,at_Q(X/) = —1.
(b) There exists a monomial X" appearing in the algorithm such that
X" Ai(zag"t™ )"t = X',
a) Firstly we assume (a) is true and X’ does contain Y;(zag®"") ™" (i.e d; 442 (X') = —1). By assumption, X
does not. It implies that the transformation A4;(zbg"7¢t~1)~! simplifies Y;(zag?*)~! and in particular i # j.
Therefore, the expressions depend on the type of the Dynkin diagram generated by the nodes 7 and j. It is

clear that this implies that C; ; # 0, and the Lie subalgebra generated by the simple roots «; and «; is of
type As, Bs or Gs.

Let us do it in type As. We obtain b = agt. Let k& > 0 the maximal integer such that Y;(zaq?*)~! ap-
pears in X’ for all 0 < s < k. By definition, Y;(zag>**+1)~1 is not in X’. Moreover, if Y;(zaq?*t=2)~!
appears in X', then Yj(zag**~Y)~1Y;(zaq?*t=2)~! appears in X’. The monomial has to be regular, so
Yi(zaq®*)~1Y;(zag®>*~Vt=2)~1 appears in X’. Thus, X’ contains Yj(zag**=2)~1Y;(zag>*~Vt=2)~1. We
can iterate this reasoning until we get that Y;(zat=2)~! appears in X’. However it does not appear in X
and has to be simplified by the transformation A;(zbg"¢t~)~! = A;(zaq?)~". It is absurd by definition of
the fields (A;(2c)).ecxqzez. Hence, we can apply the induction hypothesis and we obtain that there exists X
given by the algorithm such that
X, Ai(zag® )7 = X7,
We can define recursively X, 2 < s < k 4 1 such that
X Ai(zag® 23 )" = X, .

Indeed, for all 1 < s < k+1, Y;(zaq?*) ! appears in X for all 0 < u < k+1—s and by the same argument as
before, Yi(zaq2(“_1)t_2)_1 does not appear in X, nor Yi(,zaan(k"‘Q_‘(‘))_1 so that we can apply the induction
hypothesis. In particular, we have constructed X1 such that
XkJrlAi(zaqt_l)_1 = X}.
Moreover,
Xpp1di(zagt™") " Ai(zag®t )7 Ay(zag® ) T = X (22)

We recall that Y;(zbg?t~?) = Y;(zaq3t 1) is admissible in X’ and X'A;(zaq?)~! = X. By definition of the
algorithm, it implies that d; ,45:-1(X') = 1 and d; 44:-1(X’) = 0. But the equation (22) gives

dj’aqt—l (X/) = dj’aqt—l (Xk+1)+1 and dj,aq?’t*l (X/) = dj’aqSt—l (Xg+1) + 1.
Hence, dj 4qi-1(Xi41) = —1 and d; gg3¢-1(Xg11) = 0. Thus, X1 contains Yj(zagt™')~1. Let s > 0 be the
maximal integer such that X, contains the monomial :

Y;(zagt™") "t Y (zagt™ )

3t—2u—1)—1 2u+1)—1.

If for 1 <wu <'s, Xx11 contains Yj(zaq , we know that it contains the monomial Yj(zaqt_
However, X1 has to be regular, so X;,; also contains Yj(zaq?’t_%“)_l. Iterating the same argument
we would get that Xy does contain Y;(zag®t~')~!, which is absurd. Hence, we can use s + 1 times the

recurrence hypothesis until a monomial Xy s42. We get :

VO <u<s, X;HuHAj(zant_Q(s_“)_Q)_l = Xktut1
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At this step, we have constructed a path from Xy, 442 to X with:

Xk+s+2Aj (zant—2)—1 - Aj (Zant—25—2)—1 «

Ai(zaqt_l)—l . "Az‘(Zaq%Ht_l)_lAj(zaq2)_1 - X.

We get the following path in the graph representation of the algorithm:

Xiots
kI 2 Aj(zag*t=2)7!

Aj(zag?t=25-2)"1
X
liﬂ Ai(zagt=H) 71
i Ay(zag?+14=1)~1
X/
| Aj(zaq®)™!
X

FIGURE 1. One path from X 12 to X

The aim is now to construct another path from X442 to X ending with the transformation A;(zaqt=1)~!
in order to conclude.
Finally,

Xt sq2 contains Y;(zag*t™?). .. E(zaq2k+2t_2)Yj(zaq3t_3) . Yj(zaqst_%_?’). (24)
To apply the transformation A;(zag3t~!)~!, we need to check that Y;(zaq*t=?) is admissible in X ¢ 2.
We know that Xj4,.2 does not contain Y;(zaq?t=?) as it would imply that Xj .1 contains Y;(zaq 2t?)?
which is absurd as all monomials are generic by assumption. Moreover, if X 4,2 contains Y;(zaq?*) then the
equation (23) implies :

di,aqt (Xktst2) = dijage (X)) =1

However we assumed (a), so d; 442(X’) = —1. Hence, X’ contains Y;(zc)Y;(zcq2?)~! with ¢ = ag* and is not
regular. It is absurd. Thus, Y;(zaq*t~2) is admissible in X}, 442 and the algorithm apply the transformation
Ai(zag®t™ 1) 7! to Xpys12, giving a monomial Z 44,1 such that :

Xitsr2Ai(zaq®t ™)™ = Zpyspa. (25)
We assume there exists 1 < m < k — 1 such that the algorithm gives Z, 41 for all m < u < k such that :

Vm < u <k, Zu+s+2Ai(zaqz(k_""’l)"’lt_l)_1 = Zytst1,
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setting Zx4s42 = Xgts+2.- We want to prove that the algorithm gives Z,,4 41 such that :

2(k—m+1)+1t—1)—1 _ Zm+s+1~

Zmts+24i(zaq

We know that
Zmtsto = Xk+s+2Ai(zaq3t71)7l e Ai(zaqz(kmelt*l)*l. (26)

Then, Z,, 4542 contains Y;(zag?*=m+2t=2) | Y;(zag?*+3t2).
Let us check that Y;(zag>*~™+2)¢=2) is admissible in Z,, 0.
It is clear that Z,, ;542 does not contain Yi(zan(k_m“)t_Q) as it has been simplified by the transforma-
tion Ai(zaq2(’“’m)+1t*1)’1. Moreover, if Z,, 1512 contains Yi(zaq2(k’m+2)) then by (26), Xgtst2 contains
Y;(zaq?*=m*2)). Thus, according to the Figure 3, X,, contains Y;(zag?*~"*+2)). However, we read in the
same figure that Yi(zaq2(k_m+2)t_2) is admissible in X,,. It is absurd. Hence, Z,,s+2 does not contain
Y;(zag?*=m*2)). Thus, Y;(zaq?*~™+2)t=2) is admissible in Z,,;¢,2 and the algorithm gives a monomial
Zm+s+1 such that :

Ty sraAi(zag@®Fm T — 7

By induction, we get monomials Zsa, ..., Zip4s41 verifiying the equation (26) and leading to the following
subgraph :
Kitst2
Ai(wqgt’l):/ l Aj(zag?t=)"
Ai(zag? )~ l l Aj(zag?t™272)71
Zst2 Xi+1
A;i(zagt=1)71

l A,(zaqm"“t’l)’l

X/
l Aj(zag?) 7t
X

Furthermore, by (25), we get :
dj,aq3t*1 (ZS+2) = dj,aq3t*1 (Z’H-S-‘rl) = dj,aq3t*1 (Xk+s+2) + L

But we know by admissibility that we have :

dj,aq3t_3 (Xk+5+2) = ].7 dj,aq3t_1(Zs+2) = 1, and dj,aq3t_1(Xk+S+2) =0.
Thus, the monomial Z,io contains Y;(zag®t™')...Y;j(zag?t=2*73). We want to check that Yj(zag®t™!) is
admissible in Zgo.
If Z;1o contains Y;(zaqt~1) then it contains Y;(zaq3t=3)Y;(zaqt~1). By regularity, it also contains Y;(zaqt ~3).
By (26), Xj4s42 contains Y;(zagt™3), and Y;(zag3t~?3) is not admissible in Xjs42. It is absurd.
If Zs.o contains Yj(zag®t) then by (26), Xjis1o contains Yj(zag®t). , According to Figure 3, this implies



FUNDAMENTAL FIELDS IN THE DEFORMED W-ALGEBRAS 31

that X’ contains Y;(zaq3t). But Y;(zag3t 1) is admissible in X’. It is absurd.
Hence, Yj(zaq?’t’l) is admissible in Zs19 and the algorithm gives a monomial Z,,; such that :

ZS+2Aj(zaq2)_1 = Zs+1- (27)
We assume there exists 0 < m < s + 1 such that we constructed Z, for all m < u < s + 1 such that :
Vm<u<s+1, ZyAj(zag?t26Tm)"1 =7

We want to prove that Yj(zaq3t_2(s_m+1)_1) is admissible in Z,,4; so that the algorithm gives the right
monomial Z,,.

It is clear that Z,,+1 does not contain Y;(zaq
mation.

Moreover, if Z,,,11 contains Y} (zaqt*2(5*m+1)’1) then by construction, Xy sy2 contains Y; (zaqt’Q(s’m“)*l).
According to Figure 3, this implies that Xj4.,,+2 contains Yj(zaqt_2(s_m+1)_1). However, we read in the
same figure that Yj(zaq?’t_2(s_m+1)_1) is admissible in Xy, 12. It is absurd. Hence, Yj(zaq?’t_Q(s_m“)_l)
is admissible in Z,,; and the algorithm gives a monomial Z,, such that :

3¢=2(s=m=1=1y a5 it has been simplified by the last transfor-

Zm414,; (zaq2t*2(57"’+1))*1 =Zpm.

Now, we have to prove that Y;(zag?*t~2) is admissible in Zy to prove the result. According to the construcion
of the Zj, and to the Figure 3.

We have rigorously the following equality :

Zy = XkHAi(zaq?’t_l)_l . Ai(zaq%“t_l)_lAj (zaq2)_1.
Moreover, Y;(zag?*t~2) is admissible in X 1. Hence,

diagt—2(Xpr1) =15 diagr(Xig1) =05 djgp—2(Xpy1) = 0.
Hence, we get
diag2i-2(Z0) =15 diaq2(Z0) =0;  d;ar-2(Zo) = 0.
Thus, Y;(zag?t~2) is admissible in Zy and the algorithm gives the transformation :
ZoAi(zagt™) 71 = X.

Hence the result leading to the following graph :
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Xptst2
A1(zaq3t_1):/ l Aj(zaqzt—Z)fl
Al(zaq2k+1t—1)—1 l l A](Zant—z.e—Q)—l
Zsio K1

Ai(zaqt™1)7!

AL<2aq2k+1t—1>—1

e e <

Zy !
Al(zaqt’l)\’\ Aj(zag?) ™!
In the case d; 4;—2(X’) = —1, we can do a similar reasoning by exchanging the roles of ¢~ ' and t in order to

get the same result.
With a similar reasoning we do it in type By and G for (i,7) equals (1,2) or (2,1), for d; 452 (X') = —1
and d; ,4-2(X’) = —1 in Appendix B.

b) We assume there exists a monomial X" also appearing in the algorithm such that
X" Ai(zaq"t ) = X/,

then X" does contain Y;(zag?*"it=2).

Here there are two cases to consider :

o We have d; , 2r;, 2(Ai(2ag"t~")~") = 1 and the term Yj(2bg*"7t~?) comes from the transformation
Ai(zagit=1)~L
e X" contains Y;(zbg*"it~?).
Firstly, we assume d; , or;, 2 (A;(zag"t~")~") = 1 and the term Y;(2bg*"7¢~?) comes from the transformation
A;i(zag"it=1)~1. Hence, i # j, and we assume the Dynkin subdiagram with nodes {4, j} is of type A,. Thus,
bg’t=2 = aqt~", and bgt ! = a. Hence,
dia(A;(2bgt™")) =

1.
However, d; (X) = —1 and X’A;(zaqt™')~! = X. Thus, d; ,(X’) = —2 which contradicts the genericity. It
is absurd.

Hence, we are in the second case and X" contains Y;(zag*"it=2).

Let us prove that Y;(zbg?"7¢t~2) is admissible in X"

If i = j (so that r; = r;), then by contradiction we assume that Y;(zbg®"7t~2) is not admissible in X"
We know that Y;(2bg?"it=2) is admissible in X’ so that the presence of Y;(zag*"it=2) in X" prevents from
doing the transformation A;(bg™ t=1)~1. It implies that a = bg~2"i or a = bt?>. This implies X contains
Y;(2b)7! =Y;(zag*) 7! or Y;(zat=%)7!. It is absurd by the initial assumption on X. Thus, Y;(2bg*7t2) is
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admissible in X",
If i # j then it is clear that the admissibility of Y;(2bg*7¢t~2) in X’ implies its admissibility in X"’
Finally, there exists a monomial

Xpew = X" Aj(zag" 7t~ )1
given by the algorithm and X,,.,, contains Y;(zaq?"t=2). Moreover, if the transformation A;(zaq™t=1)~1 is
not admissible from X,,,, then there exists a factor Y;(zat=2) (resp. Y;(zaq?")) blocking this transformation.
But this would imply that this factor also appears in X as we have the following equality of monomials :

Xnew = Ai(zaqrit_l)_lX'

We remark that a priori, this equality is not sufficient to get an arrow from X,,c,, to X. This equality implies

di,aqzw (Xnew) = di,aq“‘w (X),

and same for at~2. And hence X does contain Y;(zc) and Y;(zct?) ™! with ¢ = at =2 (resp. Y;(zcq™27)~! with
¢ = aq®"") which contradicts the regularity of X. It is impossible. Hence the admissibility of Y;(zaq?"it=2)
in X, ew-

Finally we get the following paths :

X//
Aj(zbgrit=1)~1 Ai(zagmit=1)~1
KXnew X'
Ai(zag"it=1) 7! Aj(zbgnt=)
X
and hence the result. O

Remark 14. With the result of the Lemma 3 we can prove that the monomials in the algorithm are regular
if and only if foralli € I, a € K,

di,a(M) = d; og-2ri2(M) # 0 = di o (M) = d

—2r; (M) = di,at2 (M) = di,aq*%i t2 (M) (R)

i,aq

Corollary 2. If a monomial M produced by the algorithm comes for two different transformations :
M = MyA;(za)™ = NoA;(2b) 1,

then there exists k > 0 and 2k + 1 monomials N, My, ..., My and Ny, ..., Ny such that:
N-—->My— - —> M — My— M

and
N—-N,—=-+—=>N —-Ny—~M

are both paths produced by the algorithm. Moreover, all the transformations A,(zc)~

{i,7}-

L involved satisfy u €
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Proof. This is proved in the proof of Lemma 3. ]

Theorem 1. a) Each coefficient (21) constructed in the algorithm is well-defined, non-zero, and inde-
pendent of the path taken. Thus, the algorithm is well-defined.
b) Given a dominant regular generic monomial m, if the algorithm works (i.e never fails and ends in
finitely many steps) then it gives an element T'(m) € W ,(g) which has a unique dominant monomial
m with coefficient 1.

Proof. a) There are two things to verify. Firstly, we have to check if the coefficient A;j defined above is
well-defined, and then we have to verify that it is independent of the path chosen.

Let M; — My be an arrow in the algorithm graph such that My = Mj A;(zaq~"it)~!. We assume

k l
My =Y;(za) [ [ Yi(zb)) [ ] Yi(zew) ™' M,
j=1 1

u=

with M" € C[Y;(2d)];j.; gqec+qzez- The coefficient Ay, is defined in (21) as a quotient of residues. In section
3.5.3, we get the following explicit formula :

k —2r; p—1 2 1-—1 l _ — o _
(1 —q 27 ab; 1) (1 — t2ab;h) 1—ac; (1 — g it2ac,!
)‘Mz — )‘M1 H J J H ( )( q )

i (= ab;l)(l — q—2”t2ab;1) o (1= g 2riacy V) (1 — t2acy )’

where Ay, is the coefficient associated to the monomial M; (see equation (20)).

The Proposition 4 proves that by regularity end genericity the coefficient is well-defined.

Now we have to prove that the coefficient is independent of the choice of the path. We will prove it by
induction on the height of monomials (i.e on the length of the paths).

For the first monomial the coefficient is well-defined and equals 1.

Then, we assume all the coefficients above a fixed monomial M are well-defined.

We assume that this monomial M is obtained by a transformation A;(zaq~"it)~! from a monomial Ny
and also by a transformation A;(zbg~"¢)~! from a monomial M. Hence according to the second point of
Corollary 2, there exists k € N, by, ..., b1 € C*¢%t% and monomials N, My, ..., M, and Ny, ..., Ny such
that we have the two paths :

Nit1 =N = My

AE/k+1 (Zka+1)_/ \A5k+1(2bk+1)71

Ny M,
At [NEA
Ny M,y
A, (2b5,)70 [ J Ac, (zb1)™!
N() A’[[)
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Because of the algebraic independance of the variables A;(za), u — j, is a permutation of {0,...,k+1}. To
simplify the notations we write a, = b,q"=«t~1. For clarity, we will omit all the Y, (zc)¢ with u & {i,j}.

Let €., a., v such that N = HkH Y., (zay) HT 1 Yer (zay.)¥r. Here, Y, (za,) is admissible in M,,. We can
have a,, = a). and v, = —1, it would mean that Ygu (za,) does not appear in N but appears after some
transformations.

The Corollary 2 ensures that for all u € {0,...,k + 1}, we have ¢, € {i,j}.

Thus, we can consider the Lie subalgebra induced by the nodes ¢,j € I. This Lie algebra has rank less or
equal than 2, then it can be of type Ay, A1 x A1, As, Bs, or Gs.

Type A : We have

-1 —2r, 2\—1 e
M, = NAgk+1(Zbk+1) =NY,,. (zak41) Yoo, (zar41q e ) Y (zag g o )
withe=1dife =jand € =j if e = 1.
Hence, for u € [-1,k + 1],
k+1 d k-+1
M, H Yo (zar) [] Yeo(zang™2o#3) 7 ] Vs [T Y=(zaget)
r=u+2 r=1 r=u+2
Thus,
u -1 __9p k 1 1o .
)\]\/I :)\]\4 H (1—au+1ar q ET»)(l—au+1ar H 1_au+lar )(1_au+1ar g2rert )
’ LS (- g e t)(L - augart) e (I aut1a7 t=2)(1 — ayqra; 1 g?7er)
Eut1=¢€r e X2,
k+1

s 1 -2
I | (1 - au.i,_lll;- q
X
1 /—1_—2
r—0 ( — Qyu+41ay g
8u+1:8,/,.

Vp
) - au+1a;1t2))

" 2)(1 - auprar )

r=u-+2
Eut1FEr

(1 —ayt1a; g "= t71) (1 — aut1a; g7 t)
1- au+1a;1q_“rt)(1 — au+1ar_1q’“f»~t*1)

)

II

This product is well defined by the first point of this proof.
To simplify notations we assume Ay, , = 1 and we put 7, to be this big product :

Yu =AM, >‘1V[

ut1’

Then by iterating this computation k times, following the right path, we get

k
AMm = H Yu

u=—1
k+1 u—1 k
- H H (1—auar 'g~2=u)(1 — auay 't?) H

(1 —auaytq=2m=ut?)(1 — aya; t)
u=0 =

1—aya,

r=u+1

Ey=—Epr

k+1 r
11 H (1 - awayg2reu)(1 — auar %)\
s (1= auay T 20 2)(1 — ayal 1)

(1- auafl)(l - aua;quTEu t72)
(1 — avar 1t=2)(1 — ayay 1q¥ eu)

k+1

T[ Gt o0 - orlarn)
r=u+1 (1 —auay ' "=ut)(1 — auay 'greut—1)
euFEr
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k+1 u— 1 _ _ k _ _
B H 1faua,,1q72T€u)(1faua7-1t2) H (]'7arau1q*2riut2)(1*araul)
- -1
u=0 r=0
Eu=€

(1= auay tq™2m=ut?)(1 — aya; b) (1= araytq=2meuw)(1 — aray 't?)
r=u+1
r Eu=¢€r

k1 r o k+1 _ _

10 H (1= away g ?7=u)(1 - auay '12) )" 11 (1= auay 'g "=t 1)(1 — auay 'g"=ut)
L\ (1 - awal g2 t2) (1 — aual ) Al (1 —auatgTmeut)(1 - agay tgneut )

w=0 =0 r=u+1

euFer

k+1 k+1 k+1 k+1 k+1
I IO e T1 s (T0e) (111
u=0

u=0 r=u+1 u=0r=u+1

Eu 57‘ Ey=Er EuwFer

k41
X (H Cu> H K/
u=0 u<lr

EuFer

with for all u,r € [0,k + 1],

Koy = @02 )0 e ) ((1-%@;1(1%)(1_% @ 1t2>>
ST = awa g T ) () (1= auaf g 2o t?)(1—auar 1))

7"=0/
eu=¢,
, (I —aya; 1q_“ut 1)(1—aua Lgreut) ,
w,r T

(1 — ayar lg=ut)(1 — ayay tqreut=1) 7%
Similarly coefficient pp; computed in the left path is the following :

k+1
oy — (H c‘u) 1T &
u=0

u<r
EuFEr

However, u — j, is a bijection. Hence

HA = A

Type A1 or A; x Aj: The proof is exactly the same as for As but without the K
Type Bs: Let

Ai(2) = Yi(zq~ )Y (2qt™1)Yj(2) 7
Aj(2) = Yj(2q720)Yj(2°t 1) Yi(zq™ ) " Yi(2g) 7
(ri,r;) = (1,2)
Thus, if ex41 = 7, we get

My, = NA5k+1 (Zkarl) - NY’Ek+1 (Zak+1)71)/—€k+1 (Zak+1q_27lsk+1 tz) 1Y5k+1 (Zakﬂquilt)
and if ex41 = Jj, we get

M), = NAEk+1 (Zbk+1)_1

=NY., ., (zaps1) " Yo, (a1 w1 £%)” Yo (zar1q” ) Yarr (zaks1q7 ).
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Hence, for v € [-1,k + 1],

k+1 k+1 k+1

M, = H Y., (zar) H Y., (zarq —2rep 42 H Y, ’ (za ) H Yer(zarq™ t) H =(zarq™ t)Y;(zarqut)
r=u-+2 r=u-+2 r=u+2
er=i epr=j

By a straightforward computation we get :

v -2 _ k - 12 _
A, = A (1 —aup1a; g ") — ayyra, 't?) (1—aut1a; ") (1 — ayyia, tq” Cut1¢72)
My = AMy4q —1_—2rc, 4.2 —1 —1,_2 -1, 2Tey 19
(1 —autra,"q ~“vt1¢2)(1 — autrar ) (1 —aut1a,: t72)(1 — auti1a, g )
o reut2
cut1=cr Eyt1=¢r

d (1- 1=1,72Tey 1y (] — =142\ 77 k1 1_ —1,-3;—1y(] _ 1.4

o H Qut1a;, YA — autral” t7) H (1 —autia; g )1 — auyra, qt)
7 = o — -

b (1 — aug1al"tqg 2" ut142) (1 — ayyral™h) Bt (1 —ayt1a; 'q=3t)(1 — ay41a; 'qt—1)

cut1=c cuf1Fer
ep=i

k41 ~1,.3 1 —1,-1
o H (1 —autia; ¢"t)A — auyra, g t7)
(1 = aupra7 @3t (1 — auyra,; g 1t)

r=u+2
Eut1#Er
er=j
Hence,
—1
k+1 k+1
1 1
s [ 0w [ 10w (TTe) [ TERe | = (T1e) | 1T

u<r r<u u= u,r — w,r

Eu=Er Eu=Er Er=i‘ Er=i‘

Eu=] Eu=]

with for all u,r € [0,k + 1],
P (1 — aya; tq=2"=u)(1 — aya, 1t?) o ﬁ ((1—aua’ Lg=2reu) (1 — ayal” 1t2)>

T U —auar g e ) (1 —aue ) (1= auai g 2o 2)(1 - ayai )

r=0
’
Eu=E€,

L (= a3 (1 - auarat)
(1 — ayartq=3t)(1 — ayar 'qt=1)’

and similarly

k+1
v (T )| T st | =
u=0 sz:z_
€ju=J
and the result follows in type Ba.
Type Gs: Let
Ai(2) = Yi(zq )Y (2¢°t1)Yj(2q72) 7Y (2) Y (20%) 7!
Aj(2) = Y(2q 1)Yj(2qt™1)Yi(2) "
(ri,rj) = (3,1)
Thus, if ex+1 = 4, we get
M, = NA5k+1 (Zbk+1)7



38 HICHAM ASSAKAF

- NYEA+1 (zak+1)71}/€k+1 (Zak+1q_2rgk+l t2) Y5k+1 (zak+1q75t)

X Yerr(zan10°t) Yy (2apq1q7 ')
and if g1 = j, we get
My, = NAEk+1 (Zbk+1) = NY;k+1 (Zak+1)_11/;k+l (Zak+1q72rek+lt ) Y;A 1 (Zak-i-lq_lt)
Hence, for v € [—1,k + 1],

k+1 d k41
M, HY (za,) H Y., (zapq 2" t?) " 1HY5rr(za’T)”” H Ye(za,q"'t)
r=u+2 r=1 r=u+2
er=J
k+1
X H Ye—(za,q ') Ye=(2a,q ) Ye=(2a,.q°t)
r=u+2
er=1

Again by a straightforward computation we get :

u 1 —2r _ k _ 1 2r _
(1 —au+1a,,,1q TEqu1)(1 —au+1a7,1t2) (1 —au+1a,,.1)(1 —au+1a7,1q Teut1¢ 2)
Aty = Atyyy

— —_ — — — 27,
(1= ausra;'q 2wt 142)(1 — ayyra;h) (1= ausra; ' t72)(1 — ayyra; 'q  =ut)

=0 r=u+2
Eu41=€r Eu41=€r
s _a _ vp k41 1 1. _1 5
x I | (1 = autra;”tq” " )(1 = augaa;” ') ] [ (1 —autra; g7 ([ = auqra;'q%t)
o (1= auqra; g St 182)(1 — ayqral ") ateri® (1= aysra; g 1)(1 — aytara; ' gt—1)
— -
su_*_l:s;‘ 5u+1¢57‘
ep=1t
k+1
« H (1 —autia;'q (1 — autia; 'qt)
Al e 00 - g e
Sut17#Er
er=j
Hence,
k+1
A =1Xx C K"
M — u u,r
u=0 5,.:2’_
Eu=]

with for all u,r € [0,k + 1],

o f[ ((1—aua’_1q_27’fu)(1—au ’_1t2)) o (1 —aya; t¢®t)(1 — aya;tq= 1t 1)
“ 2 \(1 = ayar Yy 2reut2)(1 —agai™) ) 77" (1 = awar ' Pt 1) (1 — ayar g 1t)’

7
Eu=¢€,

and similarly

k+1
"
H C‘“ H Kjuﬂr = >\M7
u=0 €5y =1
Eju=J

and the result follows in type G.
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Finally, if n arrows target a monomial M then the coefficient defined from each arrows are pairwise equals.
Thus, this coefficient is independent on the path taken and the algorithm is well-defined.

b) Let ®(z) = T(m) be a field obtained by the algorithm from a dominant monomial m. We want to prove
that for all i € I, Res,,[®(z), S; (w)] = 0.

To prove this, we will prove that all terms of all residues Res,,[M, S; (w)] for all monomial M appearing in
the algorithm cancels each other.

In the section 3.5, we computed the commutator [M,S; (w)] for all generic regular monomial M. Let us
recall the result. Let M be a regular generic monomial appearing in the algorithm and let ¢ € I. Let

Rg\l} _ {CL c (C*thZ | di,a(M) — 1’ di,aqfwi (M) = O}a

and
Syt = {b € C°¢"t* | dip(M) = =1, dpgeri (M) = 0}.
Then
w w
M, S = a : - : : o :
5] = 3 6 () Conr s M8 ()5 + 3 6 () Do MSC(w): (29
aeR\) besly
Let a € R%I). By definition, d; (M) =1 and d; ;42 (M) = 0. Let s > 0 such that
di,a(M) - di,at2 (M) — = di,atzs (M) - ].7 di,at2s+2 (M) - O

We remark that we do not assume anything on d; 4,2 (M ). Moreover, if for a u € [1, 5], d; 44-2ri¢2u (M) = —1,
then M is not regular as d;, at**(M) = 1. Additionally, if for a u € [1, s], d; gq—2ri2e (M) = 1, then

di,aq72’"it2u (M) = di,atz(u—l) (M) =1.

By regularity of M, d; ,,~2rit2u—1) (M) = 1. Iterating this argument, we get d; ,,—=2r (M) = 1 which is a
contradiction. Hence,

d —2r; (M) == di,aq*27'it2 (M) === di’aq727'it25 (M) - 0.

ivaq
We set

M = M'Y;(za)Y;(zat?) ... Yi(zat*)Y;(zay1) ... Yi(za)Yi(zby) 7' .. Yi(2b,) 7Y,
where M’ is a monomial in the variables Y;(zc) for ¢ € C*¢%t%, j # i.

Then, by a straightforward computation, we have

s —2rip—2v k 1_q*27"iaaf1 n

1-— 1—ab !
_ 2(s+14+k—n)r; _—27~,H 4q H J H
Com =q°*° (1= ) 1 —¢t—2v 1 —qat 1— _2”7;17_1
v=1 j=1 J u=1 q u

Moreover, by definition of the algorithm and by construction of s, we get the following admissibility and
path of transformations :
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M
Ay(zag i)
MA;(zag"it?s+1)~1

Ai(zaqTit?s=1)1

HE

N := MA;(zag"it?>t1) =1 ... A;(zag~"it) !

Then,
N = N'Yi(zaqg~?"t*) ™1 .. Yi(zaq 2"t 2) 7Y, (za1) . .. Yi(zag)Yi(2by) 7t .. Yi(zb,) 7t
where N’ is a monomial in the variables Y;(zc) for ¢ € C*¢%tZ, j # i.
Let us prove that ag—27t?5%2 ¢ S](\;). Indeed, by definition of the A;(zc¢) transformations and by regularity,
we have
i aq-2rigzesa(N) = d; gg-2rippera(M) =1 =0—1=—1

and

di,at25+2 (N) = di,at25+2 (M) =0.

Then the delta function § (%) appears in the commutator [N,S; (w)]. Applying s + 1 difference

zaq
relations, we get

v -
’ (W) Dy Nt NS (w) :

wt—(2s+2) 251y —1 1
=0 ———— | Dy v : MAj(zaqg7"it**T )" - Aj(zaq” ") TS (w) :
zagq~"i ’ ¢

—(2s+2)
-5 <wt> Dy, N : MAi(wt_l)_l - 'Ai(U/t_Qs_l)_lsi_(w) :

zaq~"i

—(2s+2)
— q2(s+1)7‘7‘,t72(s+1)5 <wt > Db,N . MS; (wt72572) :

zaq~Ti
with b = ag™2"t?52. Again, by a straightforward computation,
s—1 1— q2rit2(sfv) k- q*2rit28+2aa;1 n 1-— t25+2ab;1

_ 2(k—n—s—1)r; 2
Db’N =4 (1 q ) H 1 — $2(s—v) H 1— t25+2aaf1 H 1— q72rit2s+2ab—1
v=0 Jj=1 J u=1 u

To cancel the residue, we have to verify that

0 = Resw [)\M(S( w _)Ca,AI:MS;(’LU)Z

zaq~ "
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4 AN D24 5 wt~(25+2)
zaq~Ti

) Db,N : MS; (wt72572) :

Thus, the coefficients have to satisfy :

—2s—2Ca,m

AN = —AMq D
b, N

S
2(st1yr; L= a2 11 (1 —g it 2")(1 — t?7)

X
1— q2ri " (1 _ t72v)(1 _ q2rit2”)
v=

=-Amq

(1 — ¢ 2aa; ") (1 — t**+2aa; ) ﬁ (1 — q=225+2aby 1) (1 — aby h)

<11
e (1 — ¢ 2¢2+2aa; ) (1 — aa; ) Pl O q2aby')(1 — t25+2abyt)

R b (1= g %aa; (1 - 2007 t) - G225+ 2ab7 1) (1 — aby )
=AM | I | I

LL1—-q 2t25+2aa_1 )1 —aaj h (1= q—2aby 1)(1 — t25+2ab3 1)
j=1 u=1

Applying recursively the formula (21) for each transformation we get :

(1 — 20+ (1 — ¢242G—s—1))
(1 — 2420+ (1 — ¢2(G—s—1))

AN = Aprg~ 2+ H

(1 —q 2t2m )(1 _ t2m+2aa )

x H H H (1—g~2™+2ab; )(1 — 2™ aby )
(1- q*2t2m+2aaj (1 — t2mabj ) 1 (1 q=2t2maby V)(1 — 2m+2ab; 1)

m=0

—2 _ 42542, —1y n _ _ _
_)\MH — ¢~ %aa; )(1 - 2 *2aa; >H<1—q 2025+ 2ab; 1) (1 - aby )
1_

q*2t25+2aa )(1 ~ aa; 1) L (1— q72ab;1)(1 — t25+2ab;1)‘
u=

Hence, both delta functlons cancel each other.
To conclude, we will prove that there is a one to one correspondence between the elements of the two following
sets :

R:= [ {(M,z‘,a) liel, ac RE\’}} JLEN {(M,i,a) liel, ac SJ(&)} =5,

MeA(m) MeEA(m)

We recall that A(m) is the set of monomials appearing in the algorithm, or equivalently the set of vertices
of the graph G(m).
To lighten the notations, for all (M,i,a) € R, (N,i,b) € S, we denote by f(ar.q)(2,w) and gy (2, w) the
terms of the sum (28). We get:

[T(m),: S;(w) = Y foria(mw) + Y. g (zw).
(M,i,a)ER (N,i,b)es

Let (M,i,a) € R. There exists s > 0 such that d; 52 (M) = 1, and d; ,4—2ri42; (M) = 0 for 0 < j < s and
di’at2(3+1)(M) =0.
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Then as below, let
N = MA;(zaqg " it>*) 7oL Ay(zag™ i) 7L
We proved that (N,i,aqg=2"t?$72) € S, and
Resw [f(M,i,0) (2 W) 4 G( i aq—2ri 2o+2) (2, w)] = 0.

To this (M, i,a), we associate (N, i,aq™2"it25+2).

Let (N,i,b) € S. There exists s > 0 such that d; ;2 (N) = —1 for 0 < j < s and d; y;—2(s+1) (N) > 0. Again
righ as before, by regularity we can prove that d; p,2ri¢—2; (V) = 0 for 0 < j < s.

If d; py—2:+1) (N) = 1, then by regularity d; -2+ (N) # —1. It is impossible, thus d; ,;-2c:+1) (N) = 0.

By the lemma 3, there exists a path of transformations

M = NA;(2bg"it=2571) - A;(2bgmit™ 1)

Ai(zbgrit=1) 71

Ai(zbqut—2s+1)—l
NA;(zbgmit=2571)

Ai(zqut—h—l)—l

N

Then, by construction, (M, 4,bg*"t=25=2) € R. Indeed, it is clear by admissibility that d; pgerip—2e—2(M) =1
and if d; py-20-2(M) = 1 then M is not regular as d; p¢—2:(M) = —1.
Moreover,
di’bq2rit—2s—2 (M) == di,bq2rit725 (M) == di,bq2rit’2(M) == 17
and
di,bq%“i (M) == 0
Hence, the previous construction associate from the tuple (M, i, bg?"it=25=2) € R the tuple (N,i,b) € S.
Hence,
V1l <i</, [T(m),: S, :]=0.
Then, we also need to prove that
[T(m),: St :]=0.
All the formulas are exactly the same for SZ-+ except we replace ¢~ and t. The definition of the coefficient
(21) in the algorithm is also symmetric in ¢~ <> ¢t. Hence the result.
O

Hence, the algorithm is a valid tool to compute explicitely fields of the deformed W-algebra W, ,(g). As
seen in Example 2, the conditions are not too restrictive and the algorithm constructs explicit fields. In the
next section, we will apply these results to construct fundamental fields of W ,(g) and prove Conjecture 1
in some cases.
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5. FUNDAMENTAL FIELDS IN W, ;(g)

In this section, we give explicit formulas for fundamental fields in W ;(g), and we prove Conjecture 1 in
new cases. Firstly, we adapt a proof of Frenkel and Reshetikhin [FRI8] to our context to prove that the limit
t — 1 of any field in W, (g) is a linear combination of ¢g-characters. Then, we apply the algorithm described
in the previous section to construct fundamental fields in W, ;(g). There are two possible applications of this
algorithm. Firstly, we can basically compute explicitly fields in W +(g) by applying the algorithm to some
dominant monomials. That is what we do for exceptional types. Secondly, we can define intuitively a set of
monomials with a unique dominant monomial, and then prove that the set of monomials we introduced is
exactly the set of monomials produced by the algorithm starting from this unique dominant monomial. That
proves that there exists a linear combination of these monomials lying in W ,(g). Moreover, we know that
they specialize to linear combination of g-characters. This allows us to prove Conjecture 1 in some cases.
That is what we do for classical types.

Definition 11. A field ®(z) € W, (g) is called fundamental if its expansion has a unique dominant
monomial equal to Y;(z) for some i € I.

For ¢ = 1 the result is stated in [FR98] for all classical types (see Section 5.2). In type Ay, for all (1 <i < ¢),
the explicit relation was given by H. Awata, H. Kubo, S. Odake and J. Shiraishi in [AKOS96] and by B.
Feigin and E. Frenkel in [FF96]. For g of type Bg, Ca, Go, the result was proved by Bouwknegt and Pilch in
[BP9g].

Here, we give explicitly the monomials in the fields but we do not compute explicitly the coefficients. We
use the algorithm described below to prove that there exists coefficients such that the fields lie in W ,(g).
We do it in types Ay (i € [1,£]), B¢ (i € [1,£]), C¢ (i € [1,€]), D¢ (i € {1,£ —1,¢}), Es (i € {1,5}), E7
(i=6), Fy (i € {1,4}), G2 (i € {1,2}).

Firstly, we need to prove that the limit ¢t — 1 of any fields in W ;(g) is a linear combination of g-characters.

5.1. The limit ¢ — 1: the g-characters. In this section, we study the limit ¢ — 1 of the algebra W, ,(g).
We recall that the parameter ¢ is defined as t = €. The limit ¢t — 1 corresponds to h3 — 0.

In all this section, we specialize h in C\i7Q. Then ¢ is generic (that is, not a root of unity).
Moreover, we only consider the spectral parameters in C*.

5.1.1. The quantum affine algebra U,(g) and the q-characters. Drinfeld and Jimbo defined the quantum
affine algebra U, (g) as a g-deformation of the universal enveloping algebra of the affine Kac-Moody algebra
g [Dri85, Jim85]. The quantum affine algebra U,§ has a structure of a Hopf algebra. Thus, the category of
its finite-dimensional representations Rep(U,§) is a monoidal category.

In [CP94, CP95], Chari and Pressley study this category of representations. They prove that the simple
representations are characterized by I-tuples of polynomials called Drinfeld polynomials with constant coef-
ficient 1. In particular, they study the fundamental representations V., (a), where i € I and a € ¢%, are the
simple representations associated to the I-tuple of polynomials (P;(u)),er such that Pj(u) =1 for j # ¢ and
Pi(u) =1- au.

To study Rep(U,(g)), Frenkel and Reshetikhin introduced in [FR99], the g-character homomorphism x4
which is an injective ring homomorphism from the Grothendieck ring of category of finite-dimensional repre-
sentations of U, (g) to a polynomial ring in variables Y; ., where i € I and a € ¢%. They prove that the image
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of x4 is exactly the polynomial subring generated by the g-characters of the fundamental representations
V;(a), where ¢ € I and a € C*.

We first recall the definition of the commutative algebra ) equipped with screening operators where the
g-characters live. Then, we consider the canonical projection of the Heisenberg algebra onto its quotient by
hB, and we define the limit W-algebra as the image of W ,(g) under this projection. Finally, we show that
this image is embedded in the kernel of the screening operators.

5.1.2. The algebra Y and the screening operators. Let Y = (C[Yiil]ie]@ec* be the polynomial ring in variables
Y; o. We define

Aia =YiagrYias ] Yid' 1] YieuYim Y LYY ey

Jjraq J aq~ jraq? jraq
Jl;,i=1 ]lIJ i=2 J|Ij,i*3

We define a structure of screening operators on this algebra following the construction in [FR9S].
For each 7 € I, consider the free Y-module generated by symbols S; , for x € C*:

5)1, = @ y . Si,x
zeC*
Let ); be the quotient of Y by the relations:
Sz g Az ,xqTi Si,wa (29)

where A; , is the evaluation of the field A;(z) defined in Section 3.1 at the spectral parameter a (specifically,
the limit value as 8 — 0).
We define a linear operator S; : Y — Y; by the formula on the generators:

Si(Yia) = 6i;YiaSia

and extended by the Leibniz rule Si(ab) = bS’i(a) + aS;(b). Finally, let S; : ¥ — Y; be the composition of S;
and the projection Y; — ;. We call S; the i-th screening operator. Let x, be the g-character homomorphism.
Frenkel and Reshetikhin proved the following theorem in [FR99) :

Theorem 2 (Corollary 2, [FR99]). The g-character homomorphism x, gives an isomorphism of rings:
q: R@p(U (g)) '—> Z[ 4 a}zel acC*,

where T; o are the g-characters of the fundamental representations of Uy(g)

Moreover, E. Frenkel and E. Mukhin proved the following theorem :

Theorem 3 (Theorem 5.1, [FMO1]). The image of the q-character homomorphism is equal to the intersection
of the kernels of the screening operators:

C ®z Im(x4) m Ker(S,
i€l

This gives a generators-description of the intersection of the kernels of the screening operators. The generators
are the g-characters of the fundamental representations 7; q.



FUNDAMENTAL FIELDS IN THE DEFORMED W-ALGEBRAS 45

5.1.3. The limit of Wg+(g). The algebra H, .(g) is over the ring K = C[[h, £]]. This allows us to rigorously
define the limit as h3 — 0 by quotienting the coefficient ring by the non-trivial ideal generated by 3. In con-
trast, S; involves negative powers of 3, which makes its limit singular in this framework. This asymmetry,
however, does not impede our analysis: since the elements considered in the limit are known to commute
with S;", this commutativity provides sufficient conditions to show that the limit W, ; is contained in the
intersection of the kernels of the screening operators defined just above.

Let p: Hq1(g) = Hqi(8)/8H,t(g) be the canonical projection onto the quotient of the Heisenberg algebra
by the ideal generated by S. Since the commutation relations in H,.(g) contain the factor (" —t=") =
(e™B —e~mhB) which vanishes at 8 = 0, the quotient algebra H,.+(g)/B3H4.+(g) is commutative. This quotient
is isomorphic to the polynomial ring ) via the identification Y;(z) : Y;(za) — Y, 4.

We define the limit W, 1(g) as the image of the vector subspace W, ;(g) under the projection p:

Wo1(9) =D (Wgulg) = V.

Proposition 5. The limit W, 1(g) is embedded in the intersection of the kernels of the operators S;:
Woa(g) = [ Ker(S).
i€l
Proof. The proof is very similar to the reasoning in Paragraph 8.4 in [FR99]. Consider the deformed screening
currents S;"(z) defined in Section 3.2. We recall that S := S:Ll is defined as the (—1)" Fourier coefficient

of the screening current S;"(2) = 3, ¢, S;,,2~ " In the limit 5 — 0, the family S;” commutes with H, ¢ (g).
Hence, for all z € Hq.(g), we have

Viel, [z,5;] € BHq,(a)-
Thus, we define a the following Poisson bracket on Hy ¢(g)/8Hq,¢(g) by the formula:

1
b} = —p | =——[d, ¥
(a0} = -p (535001,
where @' and b are any lifts of @ and b in H,(g). This Poisson bracket is well-defined since H4+(g) is free

of negative powers of . This verifies the antisymmetry, the Jacobi identity, and the Leibniz rule for the
Poisson bracket.

Moreover, if a € C*, 4,5 € I, and Si"' (w) the screening current defined in Section 3.2, we have :
w

[Yi(za), SF (w)] = 6,567 = 18 (=) : Yilza)S] (w) -

T za

Res,[Yi(za), ST (w)] = Resy, {éij(t_Q —1)§ (i) Y;(za)S*(zat)} ,

zat J

[Yi(za), Sj] =0t — 1)Yi(za)5;'(zat)zat.

Hence, in the quotient, we get :
{Yias S;r} =0i;Y,0Sia-
with for all x € C*, i € I,
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Ai 2 = p(Ai(zm)).

Siz = (S (22)22).
Clearly,

) _
Hq,t(g)/ﬁHq,t<g) = K[Yiyw]iel,we(c* =),

as a commutative algebra. We define a linear operator S; : ¥ — @,c; ,ec+ V - Siz by the formula on the

generators :

Moreover,

Thus, the operator S; satisfies the same relation as the operator S; defined above. Hence, we can identify S;
with S; and Y with ), and we get :

C ®zIm(x,) = ﬂ Ker(S;).
iel
However, for all ®(2) € W, ;(g), we have Res,, [®(2), S;" (w)] = 0. Under the projection p, the commutator
reduces to the action of the derivation S; on the image p(®(z)). Then, p(®(z)) is in the kernel of S; for all
i € I. This proves the inclusion. O

Remark 15. It is not clear for the moment whether the classical limit ¢ — 1 is equal to the image of the ¢-
character homomorphism. However, Theorem 4 proves that it is the case for a Lie algebra g of type Ay, By, Cy,

or Gs.

It is proved in [FMO1] (Theorem 5.1) and [FHR22] (Theorem 3.1) that this intersection is actually isomorphic
to the Grothendieck ring of the category of finite-dimensional representations of U,(g). Under this isomor-
phism, the unique fields with only one dominant monomial equal to Y; , correspond to the g-characters of
the fundamental representations. Again, in order to know whether the inclusion above is an isomorphism,
we need to study the existence of elements in W, ;(g) corresponding to these g-characters. This is what we
do in the next sections.

5.2. Explicit formulas for fundamental fields. To simplify the notations, we introduce the definition of
the k-th canonical projection IIj for all 1 < k < ¢ as follows : Let » : H, +(g) — K[Yifll]ielﬂe(c*qztz be the
isomorphism defined in Proposition 17. Let

Wk : K[Y;il}iel,aec*qzt% — K[Yki,;]aec*qztl = K[Y;'il]iel,aec*qztz/(y},a - 1)j;ﬁk,ae¢:*qztZ

be the canonical projection. We define

1

Oy : o™ owrop: Hy(g) — Hye(g)-

In all this section, we will apply the algorithm described in the previous section to the monomial Y;(z) for
some ¢ € I. Here is the second main theorem of this article:
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Theorem 4. Conjecture 1 holds in types Ay ( for alli € I), By ( for alli € I), Cy ( for alli € I), Dy ( for
i=1,0—1,¢), Es (fori=1,5), Bz (fori=26), Fy ( fori=1,4) and G2 ( fori=1,2).

It is already known in types Ay and G2. We give a proof in all other cases.

Proof. In the next sections, we prove that there exists fundamental fields T;(z) € W, ;(g) whose unique
dominant monomial is Y;(z), appearing with coefficient 1 for all the cases considered in this theorem. More-
over, each of these fields verify that their limit ¢ — 1 also has a unique dominant monomial equal to Y;(2),
appearing with coefficient 1. However, Theorem 3 and Proposition 5 imply that the limit ¢ — 1 of these fields
are C-linear combination of g-characters of finite-dimensional representations of U,(g). Since the g-characters
of the fundamental representations are the only ones with a unique dominant monomial equal to Y;(z), we get
that the limit ¢ — 1 of T;(z) is the g-character of the i-th fundamental representation. This proves that the
weights of the fundamental fields T;(z) are the same as the weights of the i-th fundamental representation,
and that the coefficients specialize at ¢t — 1 to positive integers independent of q. Hence the theorem. O

Remark 16. These cases are exactly the cases where the fundamental representations are thin (that is, all
their ¢-weights spaces are of dimension 1). We think their may be a link between the multiplicity of the
monomials computed in the Frenkel-Mukhin algorithm and the fact that our algorithm works or not.

Notation 3. To simplify the notations in the next sections, for all ¢ € I, we define the height of a tuple
i=(1,---,Ji) € N' as the integer

a=1

5.2.1. Type Ay : In type Ay the algorithm gives all the fundamental fields for 1 < ¢ < n. Indeed, it is clear
that the fundamental fields T;(z) are the g-characters of the i-th fundamental representation, with replacing
q by (g~ 't). The g-characters in type A, are computed for example in [FR96]. We get :

Ai(2) == Yi(z2q  THTY (27 )T i=1,...,0+ 1
The fundamental fields of W ,(A4,) are
Ti(z) = > Ay (2 VTG (27T LA (g T OTY),
1<j1 <. <ji <EH1
with  i=1,...,£+ 1. We have: Tp11(z) = 1.
Proposition 6. [AKOS96, FF96] For all 1 <1 < ¢, the field T;(z) belongs to W 4(g).

We do the type C; before the type By because there are more intricated conditions on coefficients in type
Cy than in type By.

5.2.2. Type Cy : Let

1 0 0 0
0 1 0 0
D=1|: - -
o --- 0 1 0

the diagonal matrix such that DC' is symmetric.



48 HICHAM ASSAKAF

In type Cy, the algorithm works for all the fundamental fields. Let
Ai(z) = Yi(zq TN (2q7 )T =1, L
A*(Z) — Yi,l(zq_%“_zt%_i)Yi(zq_%“_?’t%_iﬂ)_l, i=1,... ’f,

(2

with i = 2¢ — i + 1. Then, the fundamental fields of W, ,(C;) are
Tz = > alebhy (30)

i=01,--.J:)€S
where
Aj=Ay, (zq*(i*l)ti*l)A]‘2 (zqf(FS)ti*g) A, (zqifltf(ifl)),
with i = 1,..., ¢, the coefficients ¢j(¢,t) € K will be defined below, and S is the set of 1 < j; < --- < j; <2/
such that if j, =k and jg =20 —k+1thenk#/{+a—-F+1forall <k <L

Proposition 7. For all 1 <i </, there exists cj, . j,(q,t) € K° such that T;(z) belongs to W, +(g).

Proof. Let i € I. Firstly, we list all the cases where dj o(A;j) # 0 for a j € S and k € I. Firstly, we list the
possible cases for II;(A;). For each case we construct all the monomials produced by the algorithm from A;
in direction k and, when possible, we exhibit a monomial A verifying ht;(j') < ht;(j)such that an admissible
transformation in Ay gives exactly Aj.

a) There exists 1 < a < i such that j, = k and for all other 1 < 8 < i, jg & {k + Ll%ﬁ}. In
this case, I (A;) = Yy (zq~ (k=200 ¢i+k=20) Here, the variable Y}, is admissible and the algorithm
constructs exactly the monomial Ay which j’ = (j1,...,Ja—1,Ja + 1, jat1,- - -, Ji), which is in S since
jisand jg # k+ 1 for all 5 # a.

We have ht;(j') = ht;(j) + 1.

b) There exists 1 < a < ¢ such that j, = k& + 1 and for all other 1 < 8 < i, jg ¢ {k,k,E+1}.
In this case, I (Aj) = Yi(zq~(iHk—20)=24+k=2042)=1 Here the monomial Ay is in the case (a),
where j' = (j1,-- -, Ja—1,Ja — 1s Jat1,---,Ji) is in S since j is and jg # k for all 8 # «. Moreover,
the transformation Ay (zq~(FHh=20)=regith=2a+1) ig admissible in Ay and gives exactly Aj. We have
hti(§') = hti(§) — 1.

¢) There exists 1 < a < i such that j, = k + 1, and for all other 1 < 3 < i, jz & {k,k + 1,k}. In this
case, i (A;) = Yy (zq20Th-iH2a-2420-k+i=2a) Here, the variable Y}, is admissible and the algorithm
constructs exactly the monomial Ay which j’ = (ji,...,jJa—1,Ja +1,jat1,- .., Ji), which is in S since
jisand jg # k for all 8 # a. We have ht;(j') = ht;(j) + 1.

d) There exists 1 < a < i such that j, = k and for all other 1 < 3 < 4, Jjg & {k+1,kk+1}. In
this case, IIx(Aj) = Yy (zq—2FF-it20-4y20-k+i=2042)=1 Here, the monomial Ay is in the case (c),
where j' = (j1,-- -, Ja—1,Ja — 1, Jat1,---,Ji) is in S since j is and jg # k for all 8 # «. Moreover,
the transformation Ay (zq20Hh—i+20-2-my20-k+i=2a41) jg admissible in Ay and gives exactly Aj;.
We have ht;(j') = ht;(j) — 1.

e) There exists 1 < o < 8 < i such that j, = k # ¢, j5 = k+ 1, and for all other 1 < v < i,
Jy & {k,k + 1}. In this case,

Hk(A_j) — Yk(Zq_(i+k_2a)ti+k_2a)yk(Zq_2Z+k_i+2ﬁ_2t2£_k+i_2ﬁ).

In the first spectral parameter ¢~ and ¢ play symmetric roles and it is not the case in the second

term so we are not in the case of a Yj(za)Yy(2zaq=2t?). To know which variable Y}, is admissible, we
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need to compare the spectral parameters. This is a straightforward computation:
To simplify notations let a = ¢~ (TF=20)¢i+k=20 We recall ¢, t are generic variables.

Hk(Aj) — Yk(za)Yk(zaqﬂT’“) — aquTk — q—2€+k—i+25—2t2€—k+i—26

— —(i+k—20)t2r, = —-2+k—i+28-2
i+ k—2a = U—k+i-23
— +27y = -2
itk—2a = 20—k+i—-28

= =1, () = Yi(za)Yi(zag™?), k=L+a-j
and in the same way,

Hk(Aj) _ Yk(za)Yk(zatﬂ) P ati2 _ q72€+k7i+2ﬁ72t287k+i725

@{—(i—i—k—m) —2+k—i+28-2

ithk—2042 =  20—k+i-28
—(i+k—20) = —20+k—i+28-2
‘:’{ +2 — —2

<:>Hk(Aj) zYk(za)Yk.(zat*Q), k=l+a—-0F+1

Finally, if k = ¢ + o — 3, then the second variable is the only admissible variable and the algorithm
constructs the monomial Aj with j* = (j7), such that ji, = j, for v ¢ {a, 8} and (jj,,j5) = (k, k).
Indeed, k=¢+a—-B#f+a—S+1thenj €S.

If K = {+a—F+1, then the first variable is the only admissible variable and the algorithm constructs
the monomial Aj» with j” = (j5)y such that j7' = j, for v ¢ {a, B} and (jy,j5) = (k+ 1,k +1).
Indeed, kK +1=/(+a—+2#¢{+a—3+1thenj €8.

Else, the algorithm constructs both monomials, and both j’ and j” are in S since k, k+1 # {+a—B+1.
We have ht;(j") = ht;(j') = ht;(§) + 1.

k # ¢ and there exists 1 < a < 8 < i such that j, = k+ 1, jz = k + 1, and for all other 1 < < i,
g & {k,k}. In this case,

i (AJ) — Yk(qu(iJrkaa)72ti+k72a+2)71Yk (Zq72£+k7i+2572t227k+i72ﬁ).

This contradicts the regularity condition if and only if II;(A;) = Yi(za)Yy(zat?)~!. This equality
holds if and only if K +1=/¢+4+ a — 8+ 1, a case that does not appear in S.

The second variable is clearly admissible and the algorithm produces a monomial A; with i=( j,’y)y
such that j° = j, for v & {a, B} and (jg, j5) = (k + 1,k). Since j € S, we have j' € S.

Moreover, let j” = (7)) such that jJ = j, for v # a and j, = k. Since j € 5, we have j" e s.
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Moreover, the transformation Ay (zg~(ith=20)~1¢i+k=2a+1)=1 j5 aqmissible in Aj» (which is in case
(e)) and the algorithm constructs exactly A;. We have ht; () = ht;:(§) + 1, and ht;(j") = ht;(§) — 1.

g) There exists 1 < a < 8 < i such that j, =k, jg =k, and for all other 1 <~ <4, j, & {k+ 1,k +1}.
In this case,

Hk (A_]) _ Yk (Zq—(i+k—2a)ti+k—2a)yk (zq_%%_i“ﬁ_‘*t%_k+i_2ﬁ+2)_1.

This contradicts the regularity condition if and only if I, (A;) = Yi(za)Yy(zaq=2"*)~1. This equality
holds if and only if &k = £ + o — 8+ 1, a case that does not appear in S. The first variable is
clearly admissible and the algorithm produces a monomial Aj with j' = (j5 ) such that j’, = j, for
v & {, B} and (j/,, jj) = (k,k +1). Since j € S, we have j' € S.
Moreover, let j' = (j)~ such that j7 = j, for v # B and jj = k+1. Since j € S, we have j” € S.
Moreover, the transformation Ay (zq~2¢Th=iF20=342t=k+i=20+1)=1 j5 admissible in Aj» (which is in
case (e)) and the algorithm constructs exactly Aj. We have ht;(j') = ht;(j)+1, and ht;(j") = ht;(§)—1.
h) There exists 1 < a < 8 < such that j, = k+1, jg = k, and for all other 1 <~ <1, j., & {k+ 1,k}.
In this case,

Hk<Aj> - Yk(Zq—(i+k—2a)—2ti+k—2a+2)—1Yk(Zq—2Z+k—i+2,8—4t26—k+i—2/3+2)—1.

This contradicts de regularity condition if and only if r, = 2 and k& = ¢, which is impossible as we
would have j, = jg.
Let j',j” such that Jy = jy for all v # «, ji, = k and jJ = j, for all v # B, ji = k+1. As in the
case (e), a straightforward computation shows that if k # {+a — 3, then k+1 # ¢+ a— [+ 1
thus j” € S. Moreover, the transformation Ay (zq~2¢TF=iH20=3420=k+i=26+1)=1 j5 admissible in Aj/
(which is in case (g)) and the algorithm constructs exactly Aj;.
If k = {+a—f, then j € S and the transformation Ay, (zq~ 2k i+26=3426-k+i=26+1)~1 jg admissible
in Ay (which is in case (f)) and the algorithm constructs exactly Aj;.
We have ht;(j") = ht;(j') = ht;(§) — 1.
We prove by induction that for all n € [0,i(2¢ — ¢)], the property P,: " At the n-th step of the algorithm
starting from the monomial Y;(z), we obtain exactly the monomials

gy (za™ T A (2q TV Ay (g D) A (gD D),

for all j = (ju)a such that ht;(§) = 34 _, (jo — a) = n" is true.
If n = 0 then we get

Ay (zqCOE A (g IE3) LA (g A (2g0 06D = V()

with j, = a for a = 1,2,... 4. Then the only monomial at the 0-th step is Y;(2).

We assume P, is true for an integer n € [0,i(2¢ —3) — 1].

Let us prove that all monomials Aj such that ht;(j) = n + 1 are obtained by the algorithm by one transfor-
mation from a monomial Aj such that ht;(j’) = n. Let j be such that ht;(j) = n+1 > 0. The only dominant
monomial is for j = (1,2,...,4), which is obtained at the 0-th step. Hence, there exists a k € I and a € ¢“t*
such that di q(A;) < 0. Hence, we are in one of the cases (b), (d), (f), (g), or (h). In all of these cases, we
have exhibited a monomial Aj such that ht;(j') = ht;(j) — 1 = n and an admissible transformation in Ay
giving exactly Aj, hence A; is obtained at the (n + 1)-th step of the algorithm.
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Conversely, a monomial X € M obtained at the (n + 1)-th step of the algorithm is obtained from a mono-
mial X’ € M obtained at the n-th step by an admissible transformation. By induction hypothesis, we have
X' = Ay with ht;(j') = n. Moreover, by the cases (a), (c), (e), (f), and (g) we have proved that all the
monomials produced by the algorithm are of the form A;j such that ht;(j) = ht;(j') + 1 = n + 1. Hence the
result by induction.

|

5.2.3. Type By : Let

2 0 0 0

0 2 0 0

D=1: .

o --- 0 2 0

o -~ 0 0 1
the diagonal matrix such that DC' is symmetric.

Let

|
&=

( ) (Z —2z+2tz I)Y; 1( —2zti)—1’ i=1 g_ 1’

( ) = Yg(z 2€+3tl 1) )/Z( 2Z+1t€ 1) va 1( QZtZ)
Ag+1(Z) — ng(Z —2€+3t€ 1)Y*€( —20— lté—i-l) 1

( ) — Yg,l(zq_%“te) Y( —2£+1t£+1) sz(zq—%—lté-i-l)—l
A*(z) — Yi,1(zq_4é+2i+2t2€ z) Y;(Zq—4é+21t2é—i+1)—17 i=1,... 7( -1,
with i = 2¢ + 2 — 4. Then, the fundamental fields of W, ;(B) are

T(z)= >, ¢lagby, (31)
J=01,--,5:) €S
where _ _ _ ' _ _
Ay = Ay, (2q 20D, (g 207D 73) LA (2?00,

with ¢ = 1,...,¢ — 1, the coefficients ¢;(¢,t) € K will be defined below, and S is the set of 1 < j; < .- <
ji < 2€+ 1 such that for all @, jo < jat1 OF jo = Jat+1 = ¢+ 1.
The formula for Ty(z), which corresponds to the spinor representation, is inspired by the formula of the ¢-th
fundamental g-character of §0,1; in [FR96]:

To(z) = Y Cornnoe(@ Dby (211) by (2q7271]2) - - by, (2g 72717 720yt ) (32)

O1,...,00==%1

where

g,l(zq72€+1t6)*lYg(quHQtLl),

Y,
bo1(2|k) = Ve 1(2¢7 2T 7 Y (2g7 203857, k=1,...,0—1.

Proposition 8. For all 1 <i < {, there exists cj(q,t) € K° such that T;(z) belongs to W, (g).
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Proof. Let i € [1,¢—1]. Firstly, we list all the cases where dj, o(A;) # 0 for a j € S and k € I. For each case
we construct all the monomials produced by the algorithm from A; in direction k and, when possible, we
exhibit a monomial Ay verifying ht;(j') < ht;(j) such that an admissible transformation in Ay gives exactly
A;. However, we need to distinguish the cases k = /¢ and k # £. If & < £:

a)

b)

There exists 1 < o < ¢ such that j, = k and for all other 1 < 8 <, jg & {k + 1,k,k +1}. In this
case, Iy (A;) = Yy (2q20Hk—2a)pith=2a),

Here the algorithm produces a monomial Ay with j' = (ji1,. .., ja—1,Ja + 1, jast1,- - -, ji), which is in
S. Moreover, ht;(j') = ht;(j) + 1.

There exists 1 < o < 4 such that j, = k+ 1 and for all other 1 < 8 <4, jz & {k,k,k+1}. In this
case, I, (A;) = Yi(zq 20Fk—20)—4gi+k=2a42)~1 Here, the monomial Ay is in the case (a), where
j/ = (jla s 7ja713ja - 1;j0¢+1, cee 7]1) isin S.

Moreover, the transformation Ay (zq~2(Hk—20)=24itk=2a+1
Aj. We have hti(j/) = htl(‘]) —1.

There exists 1 < o < i such that j, = k + 1, and for all other 1 < 8 <, j5 & {k,k + 1,k}. In this
case, Iy (Aj) = YV (zq—40+2k—2it 44242 kei=2a)

Here, the variable Yj is admissible and the algorithm constructs the monomial Ay with j =
(31, +sJa—1,Ja + 1,Gas1s---,j:), which is in S. We have ht;(j') = ht;(j) + 1.

There exists 1 < a < i such that j, = k and for all other 1 < 8 < i, Jjg & {k+1,kk+1}. In
this case, Iy (Aj) = Yy (zq T2k —2itda=2420=k+i=2042) =1 Here, the monomial Ay is in the case (c),
where j' = (j1,-- .1 jaz1sja — L jatts -, ji) is in S.

Moreover, the transformation Ay (zq~4¢+2k=2i+day2-k+i-2atl)-1
actly Aj. We have ht;(j') = ht;(j) — 1.

There exists 1 < a < 3 < i such that j, = k, jg = k + 1, and for all other 1 < v <14, j., & {k,k + 1}.
In this case,

)~! is admissible in Ay and gives exactly

is admissible in Ay and gives ex-

Hk(Aj) — Yk(Zq72(i+k72oz)ti+k72a)yk(zq74£+2k72i+4ﬁ+2t2£7k+i72ﬁ)'
In the first spectral parameter ¢~2 = ¢~ "* and ¢ play symmetric roles and it is not the case in the
second term so we are not in the case of a Yj(za)Yi(zag=?"*#?). As in type Cy, a straightforward
computation is necessary to determine which variable is admissible. However we get that both are
admissible. Hence, the algorithm produces two monomials A; and Ajs with j = (j%)~ such that
Joy = gy for v & {a, B} and (jj, j5) = (k, k), and j” = (j)y such that j = j, for v € {a, B} and
(4,343) = (k+1,k +1). Since j € S, we have j’ € S and j” € S.

We have ht;(j") = ht;(j') = ht;(§) + 1.

There exists 1 < o < 3 < such that j, = k+1, jg = k + 1, and for all other 1 <~ <, j, & {k,k}.
In this case,

Hk(A_]) _ Yk(Zq72(i+k72a)74ti+k72a+2)71Yk(Zq74£+2k72i+4ﬁ+2t267k+i72ﬁ).

A straightforward computation shows that this never contradicts the regularity condition (we never

have IIj(A;) = Yi(2a) Yy (zag=?™) nor Il (A;) = Yi(2a)Yy(zat?)). Moreover, the algorithm produces
. . o/ . . . . . . ..

a monomial Ay with j° = (j1,...,Js—1,J8 + 1, Jg+1,- .-, Ji), which is in S.

Let i = (ji1s---sda—1,Ja — L, Jat1,- - -»Ji), which is in S. The monomial A~ is in the case (e) and
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the transformation Ay (zq—20Hk=20)=2¢itk=2a+1)

htl(j/) = htl(j) + 1, and htl(j//) = htl(j) —1. _
There exists 1 < a < § <isuch that j, =k, jg = k, and for all other 1 <~ <4, j, € {k+ 1,k +1}.
In this case,

is admissible in Aj» and gives exactly A;. We have

Hk (AJ) _ Yk (Zq72(i+k72a)ti+k72a)Yk(Zq74€+2k72i+4ﬁ72t2éfk+i72ﬁ+2)71'

A straightforward computation shows that this never contradicts the regularity condition (we never
have I (A;) = Yi(2a) Yy (zag=2™) nor I (A;) = Yi(2a)Yy(2at?)). Moreover, the algorithm produces
a monomial Ay with j' = (j1,...,ja-1,Ja + 1, jat1,. .., Ji), which is in S.
Let j" = (j1,...,4s-1,58 — 1,58+1,---,Ji), which is in S. The monomial Aj~ is in the case (e) and
the transformation Ay (zq~4+2k=20+48420-k+i-26+1)~1 i sdmissible in Aj» and gives exactly A;. We
have htl(jl) = hti(j) + 1, and htl(j//) = htl(j) —1.
There exists 1 < o < 3 < such that j, = k+1, jg = k, and for all other 1 <~ <4, j, & {k+ 1,k}.
In this case,

T (A) = Yip (g~ 2k 20)~4pith=2042y =1y, (oAl 2h2i045 =220 kti=26+2) 1

In the first spectral parameter ¢~2 = ¢~"* and ¢ play symmetric roles and it is not the case in the

second term so we are not in the case of a Yj(za)Yy(zaq™?"*t2).

Let j' = (j1,- .-+ Ja—1,Ja — 1, Jat1,- - - Jji), which is in S. The monomial Ay is in the case (g) and the
transformation Ay (zg~2(Hk=20)=2pitk=2a41)~1 jg aqmissible in Ay and gives exactly Aj. We have
ht;(j') = ht;(j) — 1. We could exhibit another monomial such that an admissible transformation gives
exactly Aj, but it is not necessary for the proof.

If kK =/, we are in one of the following cases :

D

ii)

iii)

There exists 1 < o < i and s > 0 such that jo, = £, jay1 = - .. = jars = £+ 1 and jogsp1 & {£+1,0}.
In this case,
T (Ay) = Yy(zq— 20 2itta—1ybin2ayy, (o —20-2ittatds+lylti-2a=2s)
j) = )

Hence if s = 0 only the first Y; is admissible. If s > 0, both are admissible in the monomial A; in the

direction £. The algorithm apply these transformations to get Ay (resp. Ajv) with j;, = jo+1=£+1

(resp. jois = Ja+s +1=1{), and for all v # a, (vesp. v # a +s) j., = j, (vesp. j5 = j,). Both j’ and

j” are in S. Moreover, we have ht;(j") = ht;(j’) = ht;(j) + 1.

There exists 1 < o < i and s > 0 such that jo, =4, jo41 = ... = Jats =€+ 1 and joqs41 = ¢. Here,
T (A}) = Yy(zq~ 2 2itta=1qltiz2a)y, (= 20=2itdatdstdylhi=2a-28) -1

It is clear that it does not contradict the regularity conditoin. Then, there is a unique admissible
transformation in the monomial A;j in the direction k. The algorithm apply this transformation to
get Ay with j, = jo +1 =+ 1 and for all v # «a, j! = j,. Let j* = (j%), € S such that j7 = j,
for vy # a+s+1and jJ, .1 = jatst1 — 1 = £+ 1. The monomial Aj» is in the case (i) and the
transformation Ag(zg~2¢-2it4atdstdglti—2a-2s—1)—
have ht;(j') = ht;(j) + 1, and ht;(j") = ht;(j) — 1.
There exists 1 < a < ¢ and s > 0 such that jo—1 # ¢, jo = Ja+1 = -+ = Ja+s = £+ 1 and
Jotstr1 # £+ 1,0. In this case,
H@(Aj) _ Yve(Zq—2€—2i+4a+4s+1t£+z’—2a—2s)Yve(Zq—2€—2i+4a—3t€+i—2a+2)—1.

1 is admissible in Ay and gives exactly Aj. We
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Again, it is clear that it does not contradict the regularity condition. There is still a unique admissible
transformation in the monomial A;j in direction k. Hence, the algorithm apply this transformation
to get Ay with ji.,, = jays + 1 = £, and for all v # a + s, J4 = Jy- Let = (jY) € S such
that j7 = j, for v # a and j; = jo — 1 = £. The monomial Ay is in the case (i) and the
transformation A,(zq~2¢-2iH4a-2pt+i-2a=2s+1)—1

hti(j') = ht;(§) + 1, and ht;(j") = ht;(§) — 1. )
iv) There exists 1 < o < and s > 0 such that j, = ¢, jo—1 = ... = ja—s = £+ 1 and j,_s—1 < {. Here,

is admissible in A;» and gives exactly A;j. We have

HZ (AJ) _ ng(Zq72272i+4a71t5+i72a+2)7IY'E(Zq72572i+4a74573tf+i72a+2s+2)71.

It is clear that it does not contradict the regularity conditoin. Let j' = (j/), € S such that j/ = j,
for v # o and j), = jo —1 = £ + 1. The monomial Ay is in the case (iii) and the transformation
Ay(zq— 2t 2itdagtti=2a41) ig admissible in Ay and gives exactly A;. We have ht;(j') = ht;(j) — 1. We
could exhibit another monomial such that an admissible transformation gives exactly Aj, but it is
not necessary for the proof.

Thus, similarly, we can apply the same proof as Proposition 7 and prove by induction that all the monomials
obtained by the algorithm at step n are exactly the monomials A; such that ht;(j) = n. Hence, T;(z) belongs
to Wy(g) forall 1 <i</¢—1.

Now we consider Ty(z). Let us prove by induction that for all n, all the monomials obtained at step n of the
algorithm are in Ty(2). We have Yi(2) = [, b-1(2¢**~Vt=*=D|k). For ¢ = (0;); € {£1}*, b, will denote
the following monomial :

bo 1= boy (2]1) by (27271 ]2) - - - by, (2q~ 201~ 72001 gT1 o1 )

If M is a monomial obtained at step n, if M is anti-dominant then the algorithm stops and there is no step
n + 1. Else, there exists k such that for a a € C*¢%t%, di,o (M) > 0. It implies o, = —1 and o413 # —1, and
Y1 (za) is admissible in b,. Let k be such an integer. Then, we define a monomial b,/ such that o} = o, if
i ¢ {k,k+ 1} and o} = —o; for i € {k,k + 1} (we take the convention o,11 = 0). It is easy to see that b,
is the monomial given by the algorithm by taking the expansion in the k*" sly direction in b,. Hence all the
monomials in the algorithm appear in the sum (32).

Conversely, let o) < ... < 2" be the non-decreasing set of elements of {1}’ with respect to the
lexicographic order.

We have 01(1) = —1 for all 4. Hence b,a) = Yz(z) appears in the algorithm. Now we assume the monomial
b,y appears in the algorithm for all i < n fora 1l <n < 2t — 1. Let us prove that b, +1) appears in the

(n+1) _ (n+1) _

algorithm. (1) > (1) then there exists j such that o, = 1. Let k = max{j,0; = 1}. By definition

of k, ol % 1 Let o € {£1}* such that o; = 0" if i & {k,k+ 1} and oy = —0 "V if i € {k, k + 1}.
Hence there exists m < n+ 1 such that ¢ = ¢(™). By the induction assumption b, appears in the algorithm.
Again, it is easy to see that b, (n+1) is the monomial obtained in the algorithm by taking the expansion in
the k' sl, direction in b,. Hence the result. O
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5.2.4. Type Dy : The Cartan matrix is

55

The fundamental field T1(z) is given in [FR98] and T;_1(z), T¢(z) are deduced from the formulas of the
associated fundamental g-characters (corresponding to the spinor representations of s0z,) in [FR96]. We

define the set S ={1,...,6,¢,...,1}:

Ai(2) := Yi(zq TN Y (27 ) T, 1=1,...
Aeo1(2) = Ya(oq~F272) Yoo (2~ H2472) Yoo (2101 Y

Ao(z) = Yo(zq~“F272) Yeoa (27471,

Ap(2) == Yoo (g2 72) Yy (2 1)1,
A (2) == Ye_o(2q~ 1) Yooy (2~ 7 Yi(zg~ ) 2,

Ai(2) o= Yy (g 20HH220m1m2) y (g 2+ Lg2e—i 1) =1 i=1,...

Then, we define the first fundamental field as follows:

with i=1,..., ¢

,£_27

We also define the fundamental fields T;_1, Ty as follows : In these formulas the subscript € means ¢ if ¢ = +,

and £ — 1, if e = —. Thus, Ty (2) = Ty(2), T_(z) = Ty—1(z). Now let

Or—1

TE(Z) — Z b01 (Z|1)b02 (Zq1701t71+171 |2) e pETLOe— (ZQZ*Q*CM*“'*0572t*5+2+01+-~+0272 |€ _ 1)7
=+1
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where

bi(z]¢ —1
by (z|k

( w_l YZ 2( —€+1t€—1)—1YE(zq—é+2t€—2),

)
)
)
_1(2]k) = Vi1 (g~ 1N LY (2 RER), k=1, 40— 2.

Proposition 9. For alli € {1,0— 1,0}, T;(z) belongs to W ,+(g).

Proof. In [FR98], the authors proved that T%(z) belongs to W, +(g). The nodes £ — 1 and ¢ play symmetric
roles then it is sufficient to prove the proposition for ¢ = +.

Let us prove by induction that for all n, all the monomials obtained at step n of the algorithm are in Tj(z).
We have

Or—1

-2
— <H bl(ZQQ(k—l)t—Q(k—l)|k)> pEor- az,l(Zqé—Q—al—~~—og,2t—é+2+al+~~+ag,2|€ _ 1)

For 0 = (0;); € {#1}*, b, will denote the following monomial :

b = by (2] 1)by (2q" T 1F012) o BT T (g2 o 2k o2 )

Op—1

If M is a monomial obtained at step n, if M is anti-dominant then the algorithm stops and there is no step
n+ 1. Else, there exists k such that for a a € C*¢%t%, dj, o(M) > 0. Let k' = min(k, ¢ — 1) It implies o3y = —1
and og41 # —1, and Yj(za) is admissible in b,. Let k be such an integer. Then, we define a monomial b,
such that o] = 0; if i & {k,k+ 1} and o, = —o; for i € {k’, k' + 1} (we take the convention o, = 0). It is
easy to see that b,/ is the monomial given by the algorithm by taking the expansion in the k' sly direction
in b,. Hence all the monomials in the algorithm appear in the sum (5.2.4).

Conversely, let o) < ... < o) be the non-decreasing set of elements of {1}’ with respect to the
lexicographic order.
We have O'Z(U = —1 for all 4. Hence b,a) = Yy(z) appears in the algorithm. Now we assume the monomial

b,y appears in the algorithm for all i < n fora 1l <n < 2¢ — 1. Let us prove that b,n+1) appears in the
algorithm. ¢(»*1) > ¢(1) then there exists j such that a](nﬂ) L. Let k = max{j, 0, (n+1) = 1}. By definition
of k, oy"*" # 1. Let o € {£1}* such that o; = o\""" if i & {k,k + 1} and 0; = —0\""" if i € {k, k + 1}.
Hence there exists m < n+ 1 such that ¢ = (™). By the induction assumption b, appears in the algorithm.
Again, it is easy to see that b, (»11) is the monomial obtained in the algorithm by taking the expansion in the
(k') sl direction in by, with k' = k if k < £—2, else K = £—1 (resp. k' = £) if o\" T o{" T o) — 4
(resp +1). Hence the result. O

5.2.5. Fundamental fields in exceptional types. Our algorithm works in type Fg for ¢ = 1,5, in type E7; for
i = 6, in type Fy for ¢ = 1,4 and in type G2 for ¢ = 1,2. Moreover, the expressions of the fundamental
fields in these cases validate Conjecture 1. Our algorithm fails in all other cases. See the expressions of the
fundamental fields in these cases in Appendix A.
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6. CONCLUSIVE REMARKS AND PERSPECTIVE

Our formal reformulation of the Frenkel and Reshetikhin definition of the deformed W-algebra allowed us
to rigourously define an algorithm which provides a practical tool to explicit elements of the deformed
W-algebra W ,(g). Indeed, our proof of Conjecture 1 in various new cases shows a strong example of its
efficiency.

We can also remark that our algorithm requires the condition of genericity. However, non-generic fields
appear for example in the work of Kimura and Noshita (see Appendix C.2 in [KN26]). Hence, we could
remove the genericity condition, which would introduce derivatives of the Y;(za) variables and slightly change
our regularity condition. In this article we did not do this, as it was not necessary for proving Conjecture 1
in the cases considered. We also formulate the following conjecture :

Conjecture 2. (1) Let m € M be a dominant monomial. Then the algorithm starting from m termi-
nates in finitely many steps (with or without a failure).
(2) Let m € M be a dominant reqular generic monomial. If the algorithm starting from m creates a non-
regular monomial, then there exists no field in W +(g) with m as its unique dominant monomial.

The first point is verified algorithmically for a large number of dominant monomials m in all types of simple
Lie algebra g.

The second point would imply that Conjecture 1 fails in some cases. For example in type Dy, for ¢ = 2, the
Remark 11 would prove that a field with Y5(z) as its unique dominant monomial does not exist in W ,(g).
We believe this second point is true for a technical argument. In the computation of the residue of [®(z), Sijt]7
we can prove that the only way to cancel the residue of a term [M, Sli] is with another term of the form
[MTL, Ai(zer ), SE]. However, it seems that the only way for all terms to cancel each other is by following
the algorithm described in Section 4.

For instance, we saw that the algorithm fails for all fields for g of type Eg. Hence the conjecture would imply
that W, ;(Es) is the trivial one-dimensional vector space K.

In particular, this would imply that the classical limit ¢ — 1 of W (Es) is not equal to the Grothendieck of
the finite dimensional representations of the quantum affine algebra Rep(Uq(E\g)). However, in [FR98, BP9S§]
or in [FH11, FHR22], it is observed that the deformed W-algebra W, ,(g) interpolates g-characters and
t-(twisted) characters of finite-dimensional representations of U, (g) and U;(Xg) in the classical limits. Hence,
this framework opens the way to the study of the classical limits of W ;(g). This will be studied in an
upcoming paper.

Finally, Remark 16 highlights a link between the deformed W-algebras (or its subset of fields produced
by our algorithm) and the thin fundamental representations of quantum affine algebras. This link is still
mysterious and deserves to be studied in depth. However, Theorem 4 shows that our algorithm work only
for fundamental fields corresponding to fundamental representations which are thin. Moreover, we remark
that our algorithm fails for all the non-thin Kirillov-Reshetikhin modules we tried in type Cy, and works for
all the thin KR-modules we tried in type Ay, By,... Thus, we formulate the following conjecture, adjusting a
conjecture of Bouwknegt and Pilch (see Assumption 2.4 in [BP98]):

Conjecture 3. Our algorithm generates precisely those fields of W (g) whose unique dominant monomial,
when specialized to t = 1, coincides with the dominant monomial of a q-character of a special thin repre-
sentation of U,(g). Here, a special thin representation is defined as one whose q-character possesses a single
dominant monomial and has all its coefficients equal to 1.
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Remark 17. This article prove this conjecture for fundamental fields (Theorem 4, and see Section 7.3 in
[FH15] for the thinness of fundamental representations).

A. EXPLICIT EXPRESSIONS FOR FUNDAMENTAL FIELDS IN EXCEPTIONAL TYPES

In this section, we list the results of the algorithm computing the monomials and the associated coefficients.
A.l. Type E.

A.1.1. Type Eg. In type Eg, the algorithm works and gives fundamental fields associated to i € {1,5}. T1,T5
both have 27 monomials. The algorithm fails for computing T;(z), i # 1,5.
There is the list of monomials in 7T(z) :

:Yi(2):

—_

Monomial 1 :

Monomial 2 1 1-: Yy (2q7%t?) " Yo (2q~ 1) :

Monomial 3 :  1-: Ya(2q3t3) " 1Y3(2q%¢?) :

Monomial 4 :  1-: Y3(2q~ %) 7 Y, (2q3t3) Y (2q3t3)

Monomial 5 :  1-: Yy(2q73t3)Ys(2q=55) 71 :

Monomial 6 :  1-: Y3(2q7 %) 71 Y;5(2q 1) Ve (2q73¢3)

Monomial 7 : 1 : Y3(2q~4*)Y4(2q5t°) "1 V5(2q44) Y5 (2q2t5) 1

Monomial 8 : 1 : Y5(2q~%5)"1Y5(2¢—3¢3) :

Monomial 9 : 1 : Ya(2q75°)Y3(2q~%5) "1 Y5 (2g~4¢4) :
Monomial 10 @ 1-: Y3(2q~4*)Y5(2q=%5) " Y5 (2~ 55) "1 :
Monomial 11 :  1-: Ya(2q 5t%)Y3(2q75t%) 71 Y4 (27 5¢%) Y5 (2~ 6¢5) 1
Monomial 12 : 1. : Yy (2q %) Ya(2q="t7) "1 Y5 (2q~4t*) :
Monomial 13 : 1 : Yy (2 5¢%)Ya(2q="7) 71 Y4 (27 5¢%) Y5 (2~ 615) 1
Monomial 14 :  1-: Ya(2q %)Yy (zq~"t7") 71 :
Monomial 15 : 1 : Y1 (2q78t%) 1Y (2q= %) :
Monomial 16 : 1 : Y7 (2q 5¢%)Ya (2= "t7) "1 Y3(2q75¢%)Ya(2q~"t7) 1
Monomial 17 @ 1-: Y1 (27 %8) 1Y, (27 5%) Y5 (2~ %5) 71 :
Monomial 18 : 1. : Yy (2q 8¢%) 71 Y3(2q 5t%) Yy (2q~"¢7) 71
Monomial 19 : 1. : Y1 (2 5t%)Y3(2q=3%) "1 Y5(2q¢~¢")
Monomial 20 : 1 : Y (2q 8%) "1 Ya(2q~ ") Y3 (2~ 38) "1 Y5(2¢~7t7)
Monomial 21 @ 1-: Y1 (2q %) Y5 (27 %) 71 :
Monomial 22 @ 1-: Y7 (2¢ 8%) "1 Ya (2~ "t7)Ys(2q7 %) 71 :
Monomial 23 : 1. : Ya(2q %) "1 Y5(2¢~"¢7) :
Monomial 24 :  1-: Ya(2q %) 7 Y3(2q73%) Y5 (2q~%t%) "1 :
Monomial 25 @ 1-: Y3(2q 1919) 71V, (2¢7%¢%)
Monomial 26 :  1-: Yy(zq 111) 71Y5(2¢10¢10)

—

Monomial 27 : D Ys(zq 1212) 7L
There is the list of monomials in T5(z) :
Monomial 1:  1-: Y5(2) :
Monomial 2 :  1-: Yy(2q~'t1)Y5(2q72t?) "1 :
Monomial 3 :  1-: Y3(2q~2t?)Yy(2q73t3) "1 :
Monomial 4 :  1-: Ya(2q73t3) Y3 (2¢744) 71 Ys(2¢73¢3)



Monomial 5 :

Monomial 6 :

Monomial 7 :

Monomial 8 :

Monomial 9 :
Monomial 10 :
Monomial 11 :
Monomial 12 :
Monomial 13 :
Monomial 14 :
Monomial 15 :
Monomial 16 :
Monomial 17 :
Monomial 18 :
Monomial 19 :
Monomial 20 :
Monomial 21 :
Monomial 22 :
Monomial 23 :
Monomial 24 :
Monomial 25 :
Monomial 26 :
Monomial 27 :

i i i e e e e e e e e e e e
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. Y2 Zq_gtg)Y3(Zq_10t10)_

Yo (2q 733 Yo (2q5t%) 1
Y1(ZC] 4154)}/2( 75t5) Y( 3t3)
Vi (2 ) Ya (205 V(e ) Vi (20 8)
1 Yi(zq 6t6)—1Y6<zq %) :
Y1 (2q750) 7 s (24 Yo (2 52) L
: Y1(2q 4154)Y (2q75t5)~1Y, (2 5t%)
1 Y1 (2q %) " Ya(2q 217 Ya(2q0t0) " Ya(2q0t°)
(Y1 (2 MYy (27 tT) T Y5 (27 549)
2 Y1 (2750 Yo (27 50) Yy (2~ "t7) Y5 (27 19)
Yo (2q 7)Yy (2g701%)
(Y1 (2 ) Ys(2q8t8) 7L
Yo (zq ) Y3(2q™ 6t6)Y4(zq’7t7)*1Y},(zq*6t6)
Y3 (oq50) Yy (g1 Vs (2 5)
FYa(2q7Tt) " Y (2q ) Vs (2 55) 7T
$ Va(2q™%t%) 7 Y5 (2q700) Yo (2q77t7)
tY3(2q7 %) T Ya(2q” ) Ve (25 %) T Yo (27 THT)
$ Y5 (2q70t0) Yo (2q~t%) !
P Ya(2q7Tt7) Y5 (2q51%) V(2 %) !
: Ya(2q7 %) "W (2¢7t7)
Y3 (2q 8t8) Yy
(
1

DYy (zq 1212) 7L
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A.1.2. Type E7. In type E7, the algorithm works and gives a fundamental field associated to ¢ = 6 which
contains 56 monomials. The algorithm fails for computing T;(z), 7 # 6.
There is the list of monomials in T4(z) :

Monomial 1 :
Monomial 2 :
Monomial 3 :
Monomial 4 :
Monomial 5 :
Monomial 6 :
Monomial 7 :
Monomial 8 :
Monomial 9 :
Monomial 10 :
Monomial 11 :
Monomial 12 :
Monomial 13 :
Monomial 14 :
Monomial 15 :
Monomial 16 :
Monomial 17 :

—_

e e e e e

1 Ys(2)

K—,(zq_ltl)Y(;(zq_QtQ)_l :
Ya(2q262)Yy(2q33) 1 -
Y3(2q3t3)Yy(2q~44) "1
Yo(2q= ) Y3(2q7 %) " Y7 (2q— %) -
Yo(2q=44)Y7(2q7%5) 1 :
Y1(2q75t5) Yo (27 %5) 7 Y7 (2q—4t4) -
Yi(2q°t°)Ya(2q 6166)*1Y3(Zq*“”lﬁ‘g)%(zq*ﬁtﬁ)*l:
Yi(zq~ 7757)*1Y7(Zq th) :

Y (2Tt 1Y (25 15) Ya (2 546) 1

Yi(zq™ 5t5)Y( 7t7) 1Y, (2q519)

Yi(zq~Tt7) ( 6t6)Y3(zq‘7ﬁ7) "Yi(2q761°%)
Yi(2q~ 5If“”)Y( Estg) Ys(2q77t7) :
Yi(zg~7t7) ! ( “0t0)Ya(2q %) T Y5 (2q7TET)
Ya(zq 5t5)~ 1Y4(zq 66) .

Yi(zq~ 5ts)Y( ) Y (2q7t%)

Yo(zq~3%) " (Zq‘7t7)Y4(zq %) Y5 (2q7 ") -
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Monomial 18 :
Monomial 19 :
Monomial 20 :
Monomial 21 :
Monomial 22 :
Monomial 23 :
Monomial 24 :
Monomial 25 :
Monomial 26 :
Monomial 27 :
Monomial 28 :
Monomial 29 :
Monomial 30 :
Monomial 31 :
Monomial 32 :
Monomial 33 :
Monomial 34 :
Monomial 35 :
Monomial 36 :
Monomial 37 :
Monomial 38 :
Monomial 39 :
Monomial 40 :
Monomial 41 :
Monomial 42 :
Monomial 43 :
Monomial 44 :
Monomial 45 :
Monomial 46 :
Monomial 47 :
Monomial 48 :
Monomial 49 :
Monomial 50 :
Monomial 51 :
Monomial 52 :
Monomial 53 :
Monomial 54 :
Monomial 55 :
Monomial 56 :

i e e e e e e T e e e e e e T e e T e T T e e O e e S R e e e T

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
:Yi(z
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
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Y1 (27t T Yo (27 59) Ya (27 29) " Y (2 519)

:Y1(2q75%) Yo (2q10410) 1

(Yo (2q 88) T Y3 (27 ) Ya (27 2t0) T s (2888

1 Y3(zq 9t9)_1Y5(zq Tt Y7(2q8%) -

'Y Zq77t7)71Y2(Zq76t6)y6(zq710t10)

 Ya(2q~ 1) Y (g~ 5) Vs (2008) %(zq 569)Y; (2q5%)
Yo (2q53) 1Y (2q~ Tt Yo (2 10410) 1

. Ys zq_7t7)Y7(zq_10t10)_1 )

Y3 (2q—0t%) "1 Ya(2q—5t8) Yo (2g~ 1010)~1Y5 (2~ 515) -

:}/4 Zq_8t8)Y( —9t9) 1Y6( —8t8) (q—lotlo)—l

2Y4 quwtlo) 1Y6(Zq 8t8)Y7( 8t8) .

L Ya(2q53)Ye (g~ 10H10) 15 (g~ 10410) 1 .

 Ya(z2q19410) 1Yy (2g— gtg)Yg(zq_lotlo)_1Y7(zq_8t8):

:}/3 2q 9t9)y4(zq 10t10) 1Y6( 8t8)Y7<Z(]_10t10>_1.

:}/3 2 —9t9)Y( —10t10) 1}/5(Zq—QtQ)Y'ﬁ(Zq—lotlo)—1Y7(Zq—10t10)—1
D Ys(zq M) LY (27848

. YQ qulotIO)Yg(Zq711t11)71Y6(zq78t8) .

L Ya(2q10410) Vs (2g~ 1) 1Y (2g0t0) Yo (2~ 10410) 1 -

q—QtQ)KG(Zq—lltll)— Y( —10t10)—1 .

g Yy (2 12612) 1 g (27588

Yo (2 19410) Vs (2~ 1) 1Y, (g 10410 Vg (2 11411 )
LY (2 ) Yo (g 1282) 1Y (2 9t0) Yo (2~ 10410) 1 -
(Y1 (2q B13) 7 Y (27 38) -

L Y: (2 ) Yo (2 q_12t12)_ Vi(2q~10410) Vs (2g— 11411) 1
 Ya(2q~ 1010)Y, (g~ 12¢12) 1

Y1 (2q~ B3 Y (2q— 9t9)Y6(zq_10t10)_1 :

LY (2 ) Yo (g 12812) 1Yy (g ) Yy (2 12412)
LY (2 313) 1Y (2 10410) Vs (g~ 1)L

LY (2 13413) 1Yy (2 1) Yy (g 12612)

L Y3 (2q~ ) Y (g 13H3) 1Y (2 12412)

Y7 (g~ BH3) 1Yy (27 12612 Yy (2g— 13H13) 1Y (2~ 12412)
LY (2 ) Yy (g 14 L

LY (2 3413) 1Yy (2 12412) Yy (g~ 14414) 1

Yo (zq 414) 1Y (2 12412)

Yo (2q~ ) 1Yy (2 13 H13) Ve (2g— 1414) 1

Y (2q~ 5H%) 1Y (2g— 1414 -

L Ya(2q16416) 1Yy (2~ 15¢15) :

. Y5 Zq717t17)71Y6(zq716t16) .

 Yo(zq15¢18) 71 .

A.1.3. Type Eg. In type Eg, the algorithm fails for all 1 <4 < 8.
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A.2. Type F4. In type Fj, there exists fundamental fields associated to the first and fourth fundamental
modules of Uy (Fy). The algorithm fails to compute T5(2), T3(2).
There is the list of monomials in 73(z) :

Monomial 1 :
Monomial 2 :
Monomial 3 :
Monomial 4 :
Monomial 5 :
Monomial 6 :
Monomial 7 :
Monomial 8 :
Monomial 9 :
Monomial 10 :
Monomial 11 :
Monomial 12 :

Monomial 13 :

Monomial 14 :

Monomial 15 :
Monomial 16 :
Monomial 17 :
Monomial 18 :
Monomial 19 :
Monomial 20 :
Monomial 21 :
Monomial 22 :
Monomial 23 :
Monomial 24 :
Monomial 25 :
Monomial 26 :

(

( )

( )1 Y3(z2q72t?)

( )Ys(z2q~ )1 Yy(2q~t?) -

( Ya(zq™Tt7) " Ya(2q~t?) :
(2q75t)Ya(zq %%) 7"

( VYo (zq Tt%) 1 Y3(2q Ot Ya(2g315) !
(2q731%) 1Yy (2q~ %) :

(2q31%) " Y3 (2q ") Ya(2q 38°) !

E Yo

Y1 (2q8t%) 1Y2(zq*9t5)Yg(zq’7t5)Y3(zq*10t6)’1

Y3 (2q71018) Y, (2044 Yo (g~ 114T) 1
a*+1)(a+1)(g—1)

(a*+t)(a*—1)

@+t) (P —t) (a®+1%) (q+t) (g—1t) _ — -
(qslgg)( )((12) )’1 q :Yl(zq 12t8) 1Y1(zq 6t4):

el el e e el el el e el el el el el el el el

(®+t)(q°—1)

. Y1(zq 10t6) ( 711t7) 1Y2(2q79t7)71Y3(Z(]78t6) .
( 12t8) 1Y1(zq 8t6) 1Y2(2q77t5):
(zq*”tg) Ya(z2q °t7) " 'V3(zq %t%) :

. (zq 10t6)Y( 12t8) 1Y4(Zq_10t7):

. (zq_12t8) ( 11t7)y ( _12758)_1Y4(zq_10t7) .

. (zq 10t6)Y( _14t9) 1 .

. (quldtQ) Y4(Zq 10t7)

. Yl(zq712t8) 1 ( 11t7)Y4 714t9 -1 .

:Y'Z(Zq—l?)té)) 1Y3(Zq 12t8)Y4( _14t9)_1 .

. Yg(zq 15t9)Y( 16t10) 1 .

. Y1(Zq_16t10)y ( _17t11)

. Yl(zq718t12) 1

There is the list of monomials in Ty(z) :

Monomial 1 :
Monomial 2 :
Monomial 3 :
Monomial 4 :

Monomial 5 :
Monomial 6 :

Monomial 7 :

Monomial 8 :
Monomial 9 :

1-:Yy(2) :
D Ys(z2q 72t ) Ya(zq ) !
: Yo (2q~°t?)Ya(2q~t?)Ys

2
a*+1)(a+1)(g—1)  Yi(2q~51%)Ya(2q 7t4)_1Y2(zq_3t2) :

1.

1 ( q %t*)!

s )

1 Y1 (2 S8 Y1 (2742 Ya (2~ 1) " Yo (2q 5 "1 Y3 (2~ 4t3)
(q2+1)(q+t)(q t) -
W Yi(2q™) " Ya(zg 00"
@’ +1)(a+t)(a—1)
Ty nker)”

1-: Y1 (27 5 Y1 (2 42 Ya(2q 8t°) 1Y,
1 Yi(2q78°) "Y1 (27 58%) "3 (2~ 43) -

)
8t5 1Y1(zq 4t3)Y2( 5t4)71Y3(Zq74t3):
(2q

6t4)

LY (2 1940) Y, (g~ 818) 1Yo (2q~ 7)1 Yo (2~ TH0) -
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Monomial 10 :

Monomial 11 :
Monomial 12 :

Monomial 13 :
Monomial 14 :
Monomial 15 :

Monomial 16 :

Monomial 17 :
Monomial 18 :

Monomial 19 :

Monomial 20 :

Monomial 21 :
Monomial 22 :

Monomial 23 :
Monomial 24 :
Monomial 25 :
Monomial 26 :
Monomial 27 :
Monomial 28 :

Monomial 29 :

Monomial 30 :
Monomial 31 :

Monomial 32 :
Monomial 33 :
Monomial 34 :
Monomial 35 :

Monomial 36 :

Monomial 37 :
Monomial 38 :

Monomial 39 :
Monomial 40 :

(
1.
1.
(
(
(
1
(4
1.
(
(
1-
1.
(a+
(

(gt+1)(qt—1)

@*+1)(g+1)(a—t)

(a*+t)(¢*—1)

HICHAM ASSAKAF

1 Yi(2q™ %) Y1 (2q~ %) Va(2q~10t0)
$Yi(2q~ %) T Y (27 0%) T Yo (2q~ 7t4)Y2(Zq*5t4)Y3(zq*8t5)*1Y4(zq*6t4):

q2+1)(q+t) q-t)

(g2 +1)(¢%—1)

*+1)(a+t)(a—1)

(¢*+t)(¢*—1)

¢®+1)(a+t)(a=t)

(¢?+t)(¢*—1)

(Y1 (242 Yo (2q72t0) 7Yy (27 514)
. Y1(zq78t5)71Y1(zq’4t3)Y2(zq’7t4)Y4(zq’10t6)’1
g Ot°) Yo (2q7 ) T Y (20t Ya (20t -

Y1 (2q3%)" 1Y1(zq’6t5)’1Y2(zq’7t4)Y2(zq’5t4)Y4(zq’10t6)’1

1) (g +t)(g—1)

(a*+t)(¢*—1)

. Yl(Zq—4t3)y'2(Zq—gtﬁ)—ly3(Zq—StS)Y4(Zq—1Ot6)—1

L Yo (2q7 %) 1Yo (27 10) T Y (27017 Ya(2q~0t) :

q2+1)(q+t a—t)

(g2 +1)(¢%~1)

*+1)(a+t)(a—1)

(¢?+t)(¢>—t)

1Y (2q707) T Ya(2q7t0) T Yo (g0t Ya (2 5°) Ya(2q

L Y1 (2q7 M) Ya(2q~ 1H0) Vs (2

q_12t7)_1

1 Yo(2q~t0) " Yo (2q™ %) T V5 (2 5t7) Vs (2~ Ot7) Ya(2q~10t0) !
FYa(2q7 1) YA (2q ) Ya(2q %)

q

(a*+t)(¢°—1)

(g+t)(g—1)

“+1) (g ) (a—t)

(¢®+1)(q>—1)
*+1)(a+t)(g—t)
. }/3(
(®+4a+1)(a* —q+1)(g+t)(a—1)

Yi(
Yi(zg~ )Yy

2q 6t5) 1Y (Zq 11t6)Y'2<Zq 52‘:4)}/3(

12t7)_1

(zq 4t3)Y2(zq_13t8)

_10t7) 1Y3(zq 8t5)Y4(Zq_10t6) 1Y4(Zq_8t6)2

(®+t)(¢°—1)

(@+t)(a° ) (£ +a)(*~q)

R LORAITYICED)
+)(a*=0)(a*+) (¢ ) (@ +1) (a4 (a=1)

:Ya(z

_12t8)_1Y2;(2q_6t4) .

(q4+t2)(q +t)(q3—t)(q +t) (®—t)*

a°+1%) (a"—#*) (¢ +#) (¢~

*)(q? +1)(q+t)(q t)

. Yl(zq714t9)flyl (Zq74t3) .

(a*
(
1-
1.
(
(4
1.
(
(
(
1.
(
1.

(@+t3) (g5 —3) (q*+12) (g2 +1)* (¢>

Yo (g7 MO Ya(2q 210) V3 (2~ 127)

—1)?

Y3 (2 197) 1Yy (2q~810) -

Y(Zq 8t5)Y4(zq 12t8) 1y4(2q710t6)71

q2+1)(q+t)(q t)

2+t)(q>—t)

4D)(@=)
: Ya(zq

q2+1)(q+t) q-t)

(q2+t)(q2—t)

q +1)(q+t q— t).,

> +t)(¢*>—1)

(
q2+1)(q+t) a-t)
(

a>+1)(q>—t)

( 714159

( —14t9

_12t7 Y'Q(

1

1

. Vi (2q 27) Yo (2q~ 348) Yo 2q~T6) 1 Ya (2~ 01%) -
“+1)(a+t)(a—t)
(q

Y1 (2q=%5) " Yo (2q0t4) -

11t6)Y (Zq—9t6)y3 Zq—12t7) ln(zq—12t8)—l

)"

(
( —12t7)Y'2(

)"

)

—13t8)—1}/2(zq—9t6)y3(z
( q_7t6)_1Y3(2q_6t5) .

13t8)—11/2(zq—gtﬁ)Y4(2q—12t8)—l

Yl(zq 12t7)Y( 2q 10t7)Y (Zq713t8)71}/’2(Zq711t8)71Y4(Zq78t6):

q2+1)(q+t) q-t)

(a*+t)(¢* 1)

Y'l(zq 12757)}/1(2’

q—10t7)Y'2(Z

. Yl(Zq714t9)71}/’2(zq79t6))f3(Zq710t7)71Y4(Zq78t6) .
q—13t8)—1}/2(Zq—lltS)—11/3<Zq—10t7)y4(2q

$Y1(2q™ 7)1 (2q70%) " Ya(2g

1 Y1(2¢78°) 71y (zq*4t3)Y2(zq’7t4)Y3(zq’8t5)*1Y4(zq’6t4) :

710t6)71

Yo (2q M) Yo (27 0) T Y3 (27 12 T) T3 (27580

_13t8)_1Y2(Zq_5t4) .

q—10t7)—1}/4(zq—8t6) .

_12t8)_1
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Monomial 41 : lyz( Qtﬁ)y4( 12t8)—1

)"
Zq714t9) 1Y1 (Zq710t7)}/’2(Zq711t8)71Y4(zq78t6) .
)~

Y1 (2q710T) Yo (2 118) 71 Y5 (271047 ) Yy (g~ 128) !
Monomial 44 : :Yi(zq™ 12t7)Y( q_10t7)Y3( q 14t9)_1 :
Y ( _14t9) 2q

@ Nl

Yi(

Yi(zq

Monomial 45 : Yi(
LY (2q~ 40 1Y (21240

Yi(

(

Yi(

Yi(zq

2 +1)(a+1)(a—t)
+1)(a+t)(a=1)

Monomial 42 : CEDICE=D)

+1)(a+t)(a—t)

Monomial 43 : @@=

(
(
(
1-
1 )" Ya(zq
Monomial 46 : 1. )1Y5(
2

Monomial 47 : %~ :Yi(zq7 %) 71y (zq’10t7)Yg(zq’lgtg)Yg(zqfutg)*l
Monomial 48 :  1-: Y7 (2~ 14%) 711 (27 12%) 71 Yy
(q2+1)(q+t)(q 6 )

(4

1

1

1

Monomial 49 : =D 2q 107 Yy (2g 10¢10) 1
. 2+1)(g+t)(g—t _ - - - -
Monomial 50 : % : 124N =1y, (2~ 15410) " 1Y, (2~ 1148) -

. Y2(2q715t10) ( 13t10)71Y3(zq712t9) .
. }/’3( q716t11) ( 714t10) .
. n(zq718t12)

Monomial 51 :
Monomial 52 :
Monomial 53 :

A.3. Type Giy. The algorithm works for ¢ = 1,2. These formulas in type G5 are also computed by P.
Bouwknegt and K. Pilch in [BP98]. Here is the Ga-type Cartan matrix :

(5 %)
p=(5 1)

And

There is the list of monomials in T(z) :

1 Y1(2) :
- Yi(2q” %) T Yo (2q 70t ) Ya(2g Pt Yo (2q 1Y) :
21 g+1)(®—q+1) (g+t) (g—t _ B B B

e Dy (g ) Y (2g ) Ya(zg )
*+q+1)(¢°—q+1)(g+t) (g—t)

Monomial 1 :
Monomial 2 :

Monomial 3 :

Monomial 4 :

Monomial 5 :

Monomial 6 :

Monomial 7 :

1
1
(
( @@= 1 Yi(zq M) Ya(2q” ) T Yo (20 T Yo (2 )
1 Y (2 42 Y1 (27212 Yo (2 "t2) "o (2q753) " 1Yo (2q73¢3) 1
(

i (2613+t)(q3*t)
(TGO v, (g~ 1000) 1Y) (20722) YV (g~ Ya(zg )

241) (gt +1)(gt—1) _ _ _
(q (q2)+‘i)(q2_’i) 'ZY1(Zq 8t4) 1Y1(zq 4t2):
(
1
(
(

Monomial 8 :

2 2_ _
q +q+1)(q q+1)(Q+t)(q t). . Yl(Zq_10t4)_1y2(zq_gtg)yz(zq_ltl) :
(g*+t)(q*—1)
. S+4)(q®—t) (¢*+t2) (¢®+q+1)(® —q+1) (¢®+t) (¢®—t) (g+t) (g—1) _ _ _
Monomial 8+ K e ¥yt 149) " Yo 1)

Monomial 10 : Y (27O Y (278 T YR (27083 Ya (2 T3) Ya (253

q

*+q+1)(¢°—q+1)(g+t) (a—1) - - - —343)—

— 2§g+t)q(q3ztc)l : - Yi(2q7 %) Ya(2q~ 7)o (2¢707) 7!

@ +a+1) (¢® —a+1) (a+t) (g—1)
(@3+t)(¢®—1)

Monomial 11 :

Monomial 12 : (Y1 (278 Yo (27 ) T Yo (27 T3) Ya (27083
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. *+q+1)(a®—q+1)(g+t)(g—t _ _ 9,5\~ _5
Monomial 13 : s+ 2{53“)‘1((]32&;’ e )~:Y2(zq U5 =1V, (27 %%) 1Yo (27 5¢3) -

Monomial 14 : 1 : Y (2q %) Ya(2q711°%) 1Yo (2 9%) "1 Yo (2q~ "t°) 71
Monomial 15 : 1. : Yy (zq~12¢%)~1
There is the list of monomials in T5(z) :
Monomial 1 : 1 Ya(2):
Monomial 2 : (Y1 (27 1) Yo (zq2t2) 7t
Monomial 3 : 2 Y1(2¢7 )Y, (zq_6t2)Y2(zq_4t2) :
+1)(g+t)(g—1) 84\ — -
PERWDY gregy -1 Ya(zq 8t4) 1Y2(Zq 4t2> :
Y ( BtS)Y ( 78t4) 1Y (Zq76t4)71
L Yi (2 ’11t5) LYy (2~ 1041) -
:Ys )1

2

Monomial 4 : 4

Monomial 5 :
Monomial 6 :

1
1-
(q
1.
1.
Monomial 7: 1-

(Zq_12t6

B. PROOF OF LEMMA 3 IN TYPE Bs, G»

We prove here Lemma 3 in type Bs, Cy. The proof is quite long, but it closely follows the one for type As.
The extra length comes simply from the number of cases to check. Indeed, in type B3, we have to study
the nodes associated with both the long and short roots, as well as handle possible cancellations in ¢ and ¢,
while in type Ao the field is symmetric in ¢! and ¢.

B.1. In type By: We have ry =1, ro = 2,
A1(2) = Yi(zq " )Yi(zqt™ ) Ya(z) 7!
Ao(2) =: Ya(2q 1) Yo (2¢*t Y1 (2¢7 1) " Yi(2q) 7t :
B.1.1. In the case (i,5) = (1,2) :

Proof. We prove it by induction on the height of the monomials. We assume the Lie subalgebra generated
by the nodes i and j is of type Baq, and (7,5) = (1, 2).

Height 0 : The only monomial with height 0 is the dominant generic monomial from which we start our
algorithm. Hence the property at height 0.

Height h + 1 : We assume the property is true for all the monomials with heights A’ < h € N. Let us prove it
for the monomials with height A+ 1. Let X be a monomial with height A + 1. The monomial appears in the
algorithm, so it has to come from a monomial X’ with height h. Let A;(2bg"it~*)~! be the transformation
involved. It implies that d;;,(X) = —1 and d;;2r;,—2(X’) = 1. Let i € I, a € K such that d; .(X) = —1 and

d; qq2ri (X),di gr—2(X) # —1.If (4,a) = (j,b) then we have the result. Else, we have
X =X'A;(zbg" it )7t

Hence,
d;pg2ri—(X') =1
dj,b(X) =—1
dj,c(X) = dj,c(X/) for all ¢ ¢ {b7 bq27"9't_2}
die(X) > dp, o(X') for all k # j, c€ K
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We know that d; o(X) = —1, and (i,a) # (j,b). It implies d; ,(X’) < —1. The monomials are all generic,
thus
dia(X')=-1

Then by the induction assumption, one of the two following assertions is true :

(a) diggors (X') = —1ord; —(X') = -1
(b) There exists a monomial X" appearing in the algorithm such that

X"Ai(zaq’“’it_l)_1 =X

a) Firstly we assume (a) is true and X’ does contain Y;(zaq®")™* (i.e d; 442 (X') = —1). Let us prove that
this case is absurd, then we will consider the case where X’ does contain Y;(zat?)™! (i.e d; 42(X’) = —1)
By assumption, d; 4.2 (X) = 0. It implies that the transformation A;(zbg"7¢=*)~" simplifies Y;(zag*")~
and in particular ¢ # j. Therefore, the expressions depend on the type of the Dynkin diagram generated by
the nodes i and j.

1

Let us do it in type Ba, (4,7) = (1,2).
Aj(zbg it )T = Aj(zbg®t 1) T = Yi(2bg't ) 1Y (20) 1 Yi(2bg’t ) Yi(2bgt )

Then

3,-1

bq =aq® or bgt ! = ag?

In the first case, the transformation A;(zbg"7t~!)~! also simplifies Y;(zbgt')~! = Y;(za)~!. This is impos-
sible. Thus, we are in the second case and as in type Ay we get :

b= aqt.

Let k > 0 the maximal integer such that Y;(zaq?®)~! appears in X’ for all 0 < s < k. We want to prove that
the graph representation of the algorithm contains the following subgraph :

Xy,
T At

i A;(zag?+14=1)~1

X/
i Aj(zaq?’)’l

X

By definition, Y;(zag?*+1))~1 is not in X’. Moreover, if Y;(zaq**t=2)~! appears in X', then Y;(zag>*~1)~1Y;(zaq?*t~2)~!
also appears in X’. The monomial has to be regular, so Y;(zaq?*)~1Y;(zaqg**~Yt=2)~! appears in X'.

Thus, X’ contains Y;(zaq?*~2)~1Y;(zaq?*~1t=2)~1. We can iterate this reasoning until we get that Y;(zat=2)~!

appears in X’. However it does not appear in X and has to be simplified by the transformation A;(zbg" t~hH=l =
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Aj(zaq?’)’l. It is absurd by definition of A;. Hence, we can apply the induction hypothesis and we obtain
that there exists X; given by the algorithm such that

XlAi(zaq2k+1t_1)_1 =X
We can define recursively X, 2 < s < k 4+ 1 such that
XsAi(zaq2k72S+3t71)71 =X, 1.

Indeed, for all 1 < s < k + 1, Y;(2aq**)~! appears in X, for all 0 < u < k+1 — s and Y;(zag?“~Vt=2)~1
does not appear in X nor Yl-(zaqz(’”%s))*1 so that we can apply the induction hypothesis. In particular,
we have constructed Xy, such that
X1 Ai(zagt™") ™ = X",
But d; 4q-1(Ai(zagt™')~1) = 1. Thus,
djagt—1 (Xp41) = djage—1 (Xi) =1 =dj g1 (X') =1 <0
because by regularity,
djaq—1 (X') € {0,1},

and if d; 4q.-1(X’) = 1 then the transformation A;(2bg?t~")~! = A;(zaq*®)~" would not have been admissible
from X’. Thus d; 4q-1(X’) = 0 and X4 contains Y;(zagt~')~'. Moreover,

Xip1Ai(zagt™") " Ag(zag® ™) 7 Ag(zag® T T = X (33)
We recall that X’A;(zaq®)™' = X. By definition of the algorithm, it implies Y;(zagt™!) is admissible in
X' In particular, it implies that d; 445;-1(X’) = 1 and d; 41 (X") = 0. But the equation (33) gives

djyaqt—l (X’) = Qj aqt—1 (Xk»Jrl) +1 and dj7aq5t—l (X/) < dj7aq5t_1 (Xk»Jrl) + 1.
Hence, d; 4q¢-1(Xk11) = —1 and d; 4451 (Xp41) > 0. Thus, X4 contains Yj(zagt ')~ and does not con-

tain Y;(zag®t=1) 7L

Let s > 0 be the maximal integer such that Xj; contains the monomial :

Yi(zagt )"t Yj(zagt™3 )7L
If for 1 <u < s, Xg11 contains Y;(zag®t~2*~1)~1 then it contains the monomial Y;(zagt=2“+t1)~1Y; (zag®t =24~ 1) 1,
However, Xj1 has to be regular, so X341 also contains Yj(zaq5t_2“+1)_1. Iterating the same argument we

would get that Xy does contain Yj(zaq5t_1)_17 which is absurd by the argument written below. Hence,
we can use s + 1 times the recurrence hypothesis until a monomial Xy 42. We get :

VO <u<s, Xk+u+2Aj(zaq3t72(57“)72)71 = Xktut1
At this step, we have constructed a path from Xy, sy2 to X with:
XpysioAj(zag®t™2) 7 o Aj(zag*t257%) 71 x
(34)
Ai(zagt™) 71 Ai(zag® T T A (2ag®) T = X
We get the following path in the graph representation of the algorithm:

Finally,
Xpysto contains Y;(zag%t2) ... Yi(zag®* T2t 7)Y (zag’t %) ... Y;(zag®t—2"73). (35)
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FIGURE 2. One path from Xj 519 to X

67

The aim is now to construct another path from Xjs12 to X ending with the transformation Ai(zaqt’l)’1

in order to conclude.

We want to obtain the following subgraph :

Xk+s+2

Ai<zaq5“>/ A, (zagit=2)!

Ai(zag?* 1)1 l Aj(zaq

Zs+3 Xyt

3t_28_2)_1

A;i(zagt=1)~1

Ai(zag?+1t1)-1

A, (zag®)~1
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Firstly, let us prove that k > 2. The transformation X’ — X gives that Yj(zaq5t*1) is admissible in X”.
Thus, d; 445¢-1(X') = 1. By contradiction, if £ =1 then from the graph below we deduce that

dj,aq5t*1 (X/) = dj,aqstfl(Xk+s+2) =1
Hence, Yj(zaq‘r’fs) is not admissible in Xy 42, which is absurd. Hence, k > 2.

To apply the transformation A;(zag®t~1)~1, we need to check that Y;(zaq®t?) is admissible in X ¢1o.
We know that X} ..o does not contain Y;(zaq*t=?) as it would imply that X .1 contains Y;(zagit=2)?
which is absurd as all monomials are generic by assumption. Moreover, if X 4,2 contains Y;(zaq®) then the
equation (49) implies :

diaqs (Xk+s+2) = diaqe (Xp—1) = 1.

But the graph gives that Y;(zaq®?2) is admissible in Xj,_;. It is absurd. Thus, Y;(zaq%~2) is admissible in
Xiisio and the algorithm apply the transformation A;(zaq’t=1)™! to Xii 410, giving a monomial Zx, 441
such that :

Kitst24i(2a¢’t )" = Zyy o (36)
We assume there exists 2 < m < k — 1 such that the algorithm gives Z,, 1541 for all m < u < k such that :

2(k7u+2)+1t71)71 _

Ym < u S k, Zu+s+2Ai(zaq = Zu+s+1,

setting Zx4st+2 = Xgtst+2. We want to prove that the algorithm gives Z,, 1541 such that :

2(k—m+2)+1t—1)—1 _

Zmysy2Ai(zaq = Zimtst+1-

We know that
Zmssiz = Xppsi2Ai(zag®t™) 7o Ay(zag®Fmm DT 7L (37)

Then, Z,, ;542 contains Y;(zag?*=m+3)¢t=2) || Y;(zag?*+3t2).

Let us check that Y;(zag?*~™%3)t=2) is admissible in Z,, s 2.

It is clear that Z,,4s+2 does not contain Yi(zan(k_m”)t_Q) as it has been removed at the previous step.

Moreover, if Z,, 1 12 contains Yi(zaqz(’“’m”)). then by (37), Xgtst2 contains Yi(zaqz(’“*erg)). Thus, accord-

ing to the graph, X,,_; contains Y;(zag**~™%3)). However, we read in the same figure that Y; (zag?*~—m+3)¢=2)
is admissible in X,,,_1. It is absurd. Hence, Y}(zaq2<k—m+3)t_2) is admissible in Z,,1s42 and the algorithm

gives a monomial Z,,4s41 such that :

2(k—m+2)+1t—1)—1 — Zm+s+1 ]

Zmys+24i(zaq
By induction, we get monomials Zsy3, ..., Zgts+1 verifiying the equation (37).

Now we want to complete our graph to the following :
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Xt s+2
Ai(zaq“’tl)/ Aj(zag?t2)"!
Ai(zag?*+1—1)~1 A (zag?t=25-2)"1
Zsy3 Xit1
, 3y-1
Aj(zag’) Ai(zaqt_l)_l
Zs+2
Aj(zag3t=2)1
J A;(zag?H11)-1
4
Zs+1 X/
Aj(zag®)™?
X

Furthermore, by (36), we get :
dj,aqf’t*1 (ZS+3) = dj,aq5t*1 (Zk+s+1) = dj,aqf’t*1 (Xk+8+2) +1.
But we know by admissibility of Y;(zag°t~3) and regularity of Xy s42 that :
dj,aq5t*1(Xk+s+2) =0.

Hence, d; 4q5:-1(Zs43) = 1.
Thus, the monomial Z, 3 contains Y;(zaq®t™')...Y;j(zag’t=2*73). We want to check that Yj(zag®t™!) is
admissible in Zg, 3.
If Zs 13 contains Yj(zagt ') then it contains Y;(zag’t )Y} (zaqt ™) (this is of the form Y;(zc)Y;(zcq2"it?)).
By regularity, it also contains Y;(zaqt™3). By (37), Xgts12 contains Yj(zagt™3), and Yj(zag’t?) is not
admissible in Xy y442. It is absurd.
If Z,13 contains Y;(zag’t) then by (37), Xg4s42 contains Y;(zag’t). According to Figure 3, this implies that
X’ contains Yj(zag®t). But Y;(zag’t™') is admissible in X’. It is absurd.
Hence, Yj(zaq5t*1) is admissible in Zs,3 and the algorithm gives a monomial Z,,9 such that :

Zs13A5(200°) T = Zpa. (38)
Now we want to construct Zsy; such that

Z5+2Aj(zaq3t_2)_1 = ZS+1.
Let us prove that Y;(zaq%t~?) is admissible in Z, .
By admissibility,
dj,aq5t’3(ZS+2) = dj,aq5t*3(Xk+s+2) =1
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Moreover,
djaqt-3(Zst2) = djag-s(Xptst2) =0,
and
djagst=—1(Zst2) = djagsr—1(Zsgs) =1 =1-1=0.

Hence the admissibility and the monomial Zs,; appears in the algorithm.

Finally, let us prove that Z,;; is not regular.
By regularity and because Y;(zaq?t~?) is admissible in Xj1, we have d; 442(Xk41) = 0. Thus,

diﬁqz (ZS—H) = di,aq (Zs+2)7
= di,aq ( S+3) +1,
= dj,aq? (Xptst2) + 1,
= djaq2(Xpt1) + 1,
diaq2(Zs41) = 1.
Moreover, by admissibility, d; ,q4¢-2(Xy) = 1. Thus,
diagit—2(Zos1) = dj qqii—2(Zsg2) + 1,
dijaqie—2(Xkrsr2) +1,
(Xpgst1) —1+1,
=d; Jaqtt— 2(X )
diagit—2(Zsg1) = 1.

However, by construction of the algorithm, the transformation Xy yst42 — Zg4s+1 gives that d; 44 (Zp4s41) =
—1. Thus the graph implies

— dl aq4t 2

di7aq4 (Zs—H) = di,aq4(Zs+2)7
=d;,aq*(Zs13) + 1,
= dj 0t (Zk+st1) + 1,
diaqt(Zs41) = 0.

Hence setting ¢ = ¢*t~2, Zsy1 contains Y;(zc)Yi(ch_QT"itg) but does not contain Y;(zctQ). It is absurd as
assumed that the algorithm does not fail.

Now, we assume A;(zbg"¢t~1) simplifies Y;(zat?).

Now, we assume d; 4;—2(X') = —1. We know that d; ,;—2(X) = 0, then it implies
By (A; (B2 = 1.

Hence,
bt = at™? or bt ™! = at~2.
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We assume bgt~! = at~2. Firstly, it is clear that d; o(X’) = —1 and d; 442(X’) = 0. Then by regularity,
d; aq2t-2(X") # —1. Moreover,

di,aqzt’Q(Aj (quztil)il) =1
Then, d; 4q24-2(X') = d; gq2¢-2(X) — 1. Thus, d; 442,-2(X) = 1 (all degrees are in {—1,0,1} by genericity).
Hence, X contains Y;(zaq?t~2)Y;(za)~!. Let us prove that Y;(zag?t~?) is admissible in X. If d; ,,2(X) =1
(resp. d; 44—2(X) = 1) then X is not regular as it contains a term of the form Y;(zc)Y;(zcq™2")~! (resp.
Y;(ze)Y;(zct?)~1). Hence the admissibility of Y;(zag?*t~2)in X. So, the algorithm implies a transformation to
obtain the monomial

X* = XA;zaqt ™",

and d; ,(X*) = —2 which contradicts the genericity.

Hence, b = ag—3t~!. As in the previous case, we want to apply the induction hypothesis and get the following
graph for a k defined above :

X
liﬂ A;(zagt=H) 71
i Ai(zaqt=2—1)~1
X/

i Aj(zaq_lt_Q)_l
X

Let k > 0 the maximal integer such that Y;(zat=2%)~! appears in X’ for all 0 < s < k.
By definition, Y;(zat~2(*+1))~1 is not in X’. Moreover, if Y; (zaq?t~2*)~! appears in X, then Y;(zat=2(*=1)~1Y;(zaq?t~2F)~!
also appears in X’. The monomial has to be regular, so Y;(zat=2*)~1Y;(zag*t~2*=1)~1 appears in X'.
Thus, X’ contains Y;(zat=2*=2))=1Y}(zaq?t~2(*=1))~1. We can iterate this reasoning until we get that
Yi(zaq?)~! appears in X’. However it does not appear in X and has to be simplified by the transforma-
tion A;(2bg*t~1)~1 = Aj(zag~1t72)7 1. It is absurd by definition of A;. Hence, we can apply the induction
hypothesis and we obtain that there exists X; given by the algorithm such that
X1 Ai(zagt=CFH)=1 = x7,

We can define recursively X, 2 < s < k + 1 such that

XsAi(zaqt*(zk””g))*l =X _1.

Indeed, for all 1 < s < k+ 1, Y;(zat=2*)~! appears in X, for all 0 < u < k — s and Y;-(,zaqzt”(“’l))*1 does
not appear in Xz nor Yi(zafz(k“*s))*l so that we can apply the induction hypothesis. In particular, we
have constructed X1 such that
Xpp14;(zagt )™ = Xy
Thus,
Xpp1Ai(zagt ™) Ay (zagt=3) 71 Ay(zagt= GEHDY L = X7, (39)
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By definition of the algorithm, the arrow X’ — X implies that Yj(zaqt*?’) is admissible in X’. In particular,
it implies that d; 4q1-3(X') =1 and d; 44¢-1 (X') = 0. But the equation (39) gives

djﬂqt—l(Xl) = j,aqt—l(Xk+1) +1 and dj,aqt—3 (X/) = j,aqt—3(Xk+1) + 1.
Hence, dj 4q1-1(Xp41) = —1 and d; 44¢-3(Xp41) = 0. Thus, Xj11 contains Yj(zagt™')~! and does not con-
tain Y;(zagt—3)"1.
Let s > 0 be the maximal integer such that Xj; contains the monomial :
Yi(zagt )"t Y (zag* T ) T

Iffor 1 <wu < s, Xj41 contains Y;(zag*"+1¢=3)~1, then it contains the monomial Y;(zag**~V+1¢=1)71Y; (zag* 1t =3) 1.
However, X1 has to be regular, so X341 also contains Y}(zaq‘l(“_l)“t_?’)_l. Iterating the same argument

we would get that Xy, does contain Yj(zaqt_‘g)_l, which is absurd by the argument written below. Hence,

we can use s + 1 times the recurrence hypothesis until a monomial Xy 42. We get :

V0 <u < s, Xk_,_u+2Aj(zaq4(57u)+3t72)71 = Xpaut1
At this step, we have constructed a path from Xy, 542 to X with:

Xiyoradj(zag® ™) - Aj(zag™372) "1 x

(40)
Ai(zagt™) 71 Ai(zagt ™2 ) T Ay (zag T2 T = X
We get the following path in the graph representation of the algorithm:
Xitst2
T A
i A (zag*s+3t=2)~1
Xk
S A
l Ai(zagt=2F-1)~1
X/
i Aj(zag=1t=2)71
X
Finally,
Xt a2 contains Y;(zag?t™4) ... Yi(zaq2t_2k_2)Yj(zaq5t_3) . Yj(zaq‘ls%t_:g). (41)

The aim is now to construct another path from X542 to X ending with the transformation Ai(zaqt_l)_1

in order to conclude.
Firstly,

di,ant*‘l (Xk)+s+2) == di,aq2t74(Xk) == 1,
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because as shown in the graph below, Y;(zag®t~*) is admissible in Xj,. Moreover, d; 444 (Xptst2) = di ai-1(Xp) =
0 for the same argument of admissibility. Additionally, if d; 442¢-2(Xgqs42) = 1 then by definition of
Aj(zag®t=2)~1 it implies d; 4422 (Xk4s41) = 2 which is impossible by the genericity hypothesis.

Hence, Y;(zaq?t~*) is admissible in Xj4yo.

We construct

Zk+s+1 = Xk+s+2Ai(zaqt_3)_1.
We assume there exists 1 < m < k such that we constructed Zs,41, for m < u <k such that

Zutsir = ZurspaAi(zagt 2R =871

Let us construct Zsqp41.
Firstly, according to the graph,

di,aq2t72(k’7m‘)74 <Z3+m+2) == di,aq2t72(k7m)74 (Xm) - 1.

Moreover,

di7aq2t—2(k—m)—2 (Zs+m+2) = di7aq2t—2(k—m)—2 (Z5+m+3) —1= di7aq2t—2(k—m)—2 (Xk+s+2) —1= 0,

because of the transformation Zs i3 — Zstmt2-
Additionally, Y;(zag?t—2*=™)~%) is admissible in X,,. Thus,

di7at_2(k_m)_4(Zs+m+2) = di7at—2(k—m)—4 (Xk+s+2) = di’at—2(k‘—m)—4 (Xm) =0.

Hence the admissibility of Y;(zag?t—2(k—m)—4)

given by the algorithm :

in Zs1m42 and the existence of the following transformation

Zm+s+1 = Zm+s+2Ai(Zaqt_Q(k_u)_g)_l :

We obtain the following graph :
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Xkts+2
Ai(zaqtg)/ Aj(zag3t=2)"1
Ay(zagt=2F—1)1 l Aj(zaghst3t=2)~1
Z5+2 Xk+l
Ai(zaqt™)
A(zagt=2—1)1
X/
Aj(zag=1t=2)7!
X

Again, we want to construct a path from Z,5 to X in the algorithm graph.

Firstly,
dj aqt—3 (ZS+2) d;j aqt- B(Xk+s+2) +1,
j,aqt— J(X )
],aqt 3(Xk )_1+]-
Laqt 3(X/)

Because Yj(zaqt™?) is admissible in X’.
Moreover,

dj,aq*?’t*?’(Zs-&-Z) = dj,aq*Bt*3(X/) =0,
as Yj(zaqt™3) is admissible in X’. Additionally, we deduce from the graph the following computation
djagt-1(Zst2) = dj aqr—1 (Xpts12),
= djaqt—1 (Xpts41) — 1,
agt—1 (Xk) +1 =1,
j,aqt*l(Xl) =0.
Hence, Yj(zaqtfg) is admissible in Zs 5. Thus, the algorithm constructs the following monomial :

ZSJrl = Z5+2Aj(zaq_1t_2)_1.
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Now, we assume there exists 0 < m < s such that we constructed Z,41, for m < u < s such that

Zur = Zup2Aj(zag* 717270

Let us construct Z,,.
Let us prove that Y;(zag*®=™+5¢=3) is admissible in Z,,41.
Firstly, according to the graph and by admissibility,

dj agics—mr+5t-3(Zmt1) = dj agacs—m+5-3(Xigm2) = 1.
Moreover,

dj agics—mi+14-3(Zm+1) = dj agacs—mr+1-3(Zms2) — 1 =0,
by admissibility and because of the transformation Z,,+2 = Zpn41-
Additionally, Yj(zaq‘l(s’m)”t*?’) is admissible in Xy ,12. Thus,

dj aqis—mi+si-1(Zm+1) = dj agacs—mr+sg-1 (Xppm+2) = 0.

Hence the admissibility of Yj(zaq**=™+%5¢=3) in Z,,,1 and the existence of the following transformation
given by the algorithm :

Zin = Zps1Aj(zag* 5737271

To conclude, we have to prove that Y;(zag?*t~2) is admissible in Zj.
We have the equality ZoA;(zqt~1)~! = X. Then, by identification of the degrees it is clear.
Hence the following paths of transformations in the algorithm :

Xk+s+2
A7(Zaqt3)/ Aj(zaqgt_Q)_l
A;(zagt—2k—1)~1 Aj(zaghs3t=2)=1
Zsio X1
Aj(zagtt72)7! Ai(zagt=H) 71
Aj(zag*st3t=2)~1 A;(zagt=2F1)~1
Zo X'
, —1;-2y-1
Ai (Zaqth AJ (Zaq t )
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b) We assume there exists a monomial X" also appearing in the algorithm such that
X" Ai(zaq"t 7 = X/,
then X" does contain Y;(zaq?"it=2).

Here there are two cases to consider :

o d;perip-2(Ai(zag"t™")71) = 1 and the term Yj(zag*it~?) in X’ comes from the transformation
Ai(zagmit=1)~L
e X" contains Y;(zag?t=?).
Firstly, we assume d; ;, 2r;,—» (A;(zaq"it~1)71) = 1 and the term Y;(zag?*"t~2) comes from the transformation
A;i(zag"it=1)~1. Hence, i # j, and we assume the Dynkin subdiagram with nodes {i, j} is of type Bo with
(i,4) = (1,2). Thus, bg*t=2 = aqt~!, and bg®*t~! = a. Hence,

di,a(Aj (quQtil)il) =1.

However, d; o(X) = —1 and X'A;(zag*t"1)~! = X. Thus, d; .(X’) = —2 which contradicts the genericity.
It is absurd.

Hence, we are in the second case and X" contains Y;(zag*"it=2).
Let us prove that Y;(zbg?"i¢t=2) is admissible in X"
If i = j (so that r; = r;), then by contradiction we assume that Y;(zbg*"7t~2) is not admissible in X"
We know that Y;(2bg*"1¢t?) is admissible in X’ so that the presence of Y;(zag®*"it~2) in X" prevents from
doing the transformation A;(bg"i¢t=1)~1. It implies that a = bg=2"* or a = bt. This implies X contains
Yi(2b)™! = Y;(zaq®") ™! or Y;(zat=?)71. It is absurd by the initial assumption on X. Thus, Y;(2bg?"7t~?) is
admissible in X",
If i # j then it is clear that the admissibility of Yj(zbg?"t( — 2)) in X’ implies its admissibility in X"’
Finally, there exists a monomial

Xpew = X" Aj(zaq" it 1)1
given by the algorithm and X,,.,, contains Y;(zaq?"t=2). Moreover, if the transformation A;(zaq™t=1)~! is
not admissible from X,,,, then there exists a factor Y;(zat~?2) (resp. Y;(zaq®"*)) blocking this transformation.
But this would imply that this factor also appears in X as we have the following equality of monomials :

Xnew = Ai(zaqmt_l)_lX'

We remark that a priori, this equality is not sufficient to get an arrow from X,,¢,, to X. This equality implies

di,aqzw (Xnew) = di,aqz’fi (X)7

and same for at~2. And hence X does contain Y;(zc) and Y;(zct?) ™! with ¢ = at=2 (resp. Y;(zcq™?"1)~! with
¢ = aq?®"") which contradicts the regularity of X. It is impossible. Hence the admissibility of Y;(zag*"it=2)
in X, ew-

Finally we get the following paths :
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X

Aj(zbgit=1)~! Aj(zaqmit™") 7t
Xnew X'

Ai(zagmit=1) 71 Aj(zbgit=1)7!
X

and hence the result. This concludes the proof in type By for (i,7) = (1, 2).

B.1.2. In the case (i,7) = (2,1) :

Proof. We prove it by induction on the height of the monomials. We assume the Lie subalgebra generated
by the nodes i and j is of type B, and (i,5) = (2,1). Height 0 : The only monomial with height 0 is the
dominant generic monomial from which we start our algorithm. Hence the property at height 0.

Height h + 1 : We assume the property is true for all the monomials with heights A’ < h € N. Let us prove it
for the monomials with height h + 1. Let X be a monomial with height A + 1. The monomial appears in the
algorithm, so it has to come from a monomial X" with height h. Let A; (2bg"it=1)~! be the transformation
involved. It implies that d;;,(X) = —1 and d;2r;,—2(X’) = 1. Let i € I, a € K such that d; o(X) = —1 and
d; qq2ri (X ), di qr—2(X) # —1.If (4,a) = (j,b) then we have the result. Else, we have

X = X'Aj(zbg it 1)L

Hence,

djpgzrip—2(X') =1

djp(X)=-1

dj.o(X) =dj.(X') for all ¢ & {b,bg*"it=2}

di,o(X) > di,o(X') forall k # j, c€ K
We know that d; .(X) = —1, and (i,a) # (4,b). It implies d; ,(X’) < —1. The monomials are all generic,
thus

dia(X')=-1

Then by the induction assumption, one of the two following assertions is true :

(a) di,aqz’"i (X/) =—1lor di,at*Q (X/) = —1.
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(b) There exists a monomial X" appearing in the algorithm such that
X" Ai(zaq"t™ ) = X',

a) Firstly we assume (a) is true and X’ does contain Y;(zag®"*) ™! (i.e d; 442 (X') = —1). By assumption, X
does not. It implies that the transformation A;(zbg™t~1)~! simplifies Y;(2a¢*"#)~! and in particular i # j.
Therefore, the expressions depend on the type of the Dynkin diagram generated by the nodes ¢ and j.

Let us do it in type Ba, (i,j) = (2,1). Thus, (r;,7;) = (2,1). Then bgt~! = agq* and b = ag’t
Let k > 0 the maximal integer such that Y;(zaq**)~! appears in X’ for all 0 < s < k. We want to prove that
the graph representation of the algorithm contains the following subgraph :

X
e

24-1)-1
i A;(zag**+24-1)~1
X/

i Aj(zaq4)_1

X

By definition, Y;(zag***1Y)~1is not in X’. Moreover, if Y;(zaq**t=2)~" appears in X', then Y;(zag**~1)~1Y;(zaq**t=2)~"
also appears in X’. The monomial has to be regular, so Y;(zaq**)~'Y;(zaq**~Vt=2)~1 appears in X'.

Thus, X’ contains Y;(zag**=2)~1Y;(zaq**~1t=2)~1. We can iterate this reasoning until we get that Y;(zat=2)""

appears in X'. However it does not appear in X and has to be simplified by the transformation A;(zbg" t~hH~l =
Aj(zag*)~t. It is absurd by definition of A;. Hence, we can apply the induction hypothesis and we obtain

that there exists X; given by the algorithm such that

X1 Ai(zag* 2T = X7,
We can define recursively X, 2 < s < k 4 1 such that
X, Ai(zagt—4+6-1)=1 = x|
Indeed, for all 1 < s < k + 1, Y;(zaq**)~! appears in X, for all 0 < u < k — s and Y;(zaq*®“~Yt=2)~! does

not appear in X nor }/;(zaq4(k+2*5))’1 so that we can apply the induction hypothesis. In particular, we
have constructed Xy such that

XkHAi(zant*l)*l = X}.
Moreover,
Xpr14i(zag®t™") " Ai(zag®t )7 Ay(zagt ) T = X (42)
We recall that X’A4;(zaq*)™ = X. By definition of the algorithm, it implies Y;(zag®t~!) is admissible in
X'. In particular, it implies that d; ,45:-1(X") =1 and d; 443:-1(X') = 0. But the equation (33) gives

dj,aqi"t*l(X/) = dj,aq3t*1(Xk+1) +1 and dj,aq5t*1(X/) < dj,aq5t*1(Xk+1) + 1.
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Hence, d; qq3¢-1(Xpy1) = —1 and d; 4451 (Xpy1) = 0. Thus, X1 contains Y;(zag®t~1)~! and does not
contain Y;(zag®t~1) L.
Let s > 0 be the maximal integer such that Xy, contains the monomial :

Yi(zag’t™ ')t Y (zag®t 2 T

If for 1 <u < s, Xy11 contains Y;(zag’t~2*~1)~1 then it contains the monomial Y;(zag®t =21 ~1Y; (zag®t~2+~ 1)1
However, X1 has to be regular, so Xj,1 also contains Yj(zaq5t_2“+1)_1. Iterating the same argument we

would get that X1 does contain Y;(zaq®t~')~!, which is absurd by the argument written below. Hence,

we can use s + 1 times the recurrence hypothesis until a monomial Xy 42. We get :

V0 < u <s, Xk+u+2Aj(zaq4t_2(s_")_2)_1 = Xktut1
At this step, we have constructed a path from X542 to X with:

Xk+s+2Aj (Zaq4t*2)*1 e Aj (Zaq4t72sf2)71 x

(43)
Ai(zag®t™ )71 A(zag™ T2 T A (zagt) T = X
We get the following path in the graph representation of the algorithm:
Xk s
I 2 Aj(zagt=2)71
Aj(zaq4t_25_2)_1
Xiy1
7 AiGagte)
i Ai(zaq4k+2t71)71
X/
| Aj(zag*)™!
X
FI1GURE 3. One path from X 519 to X
Finally,
Xptsso contains Y;(zag®t™2) ... Y;(zag®* T4 72)Y;(zaq®t™3) .. . Yj(zag’t—2"73). (44)
The aim is now to construct another path from Xy 12 to X ending with the transformation Ai(zaqzt’l)’1

in order to conclude.
We want to obtain the following subgraph :
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Xkts+2
Az-(zaqﬁ’”)/ A;(zag't=2)"!
Ai(zag**+2=1)—1 l A;j(zaqht=25-2)1
Zs+2 Xk+1

Ai(zag*t=1)7t

Ai(zaq4k+2t71)fl

A, (zaq*)~1

X

To apply the transformation A;(zag% ~1)~!, we need to check that Y;(zaq®t~2) is admissible in Xj | 44o.
We know that X440 does not contain Y;(zag*t=2) as it would imply that X}, ,,1 contains Y;(zag*t—2)2
which is absurd as all monomials are generic by assumption. Moreover, if X ¢, 2 contains Y;(zaq®) then the
equation (43) implies :

di,aqs (Xk+s+2) == di7aq8 (Xk) = 1
But the graph gives that Y;(zag®t~2) is admissible in Xj. It is absurd. Thus, Y;(zag®t~2) is admissible in
Xk1s+2 and the algorithm applies the transformation Ai(zaq(jt’l)*1 to Xi4s42, giving a monomial Zj 4441
such that :

Xigsr2Ai(2ag®t™") 7" = Zpgour. (45)

We assume there exists 1 < m < k — 1 such that the algorithm gives Z,,s11 for all m < u < k such that :

4(k7u+1)+2t71)71 _

Ym<u <k, Zu+s+2Ai(zaq = Zu+s+17

setting Zx4st+2 = Xgtst+2. We want to prove that the algorithm gives Z,,1s4+1 such that :

A(k—m+1)+2,-1

Zmysy2Ai(zaq )7t = Zgst-

We know that
stz = XppsroAi(zag®t™) 7 o Ay(zagtF—m)+21)—L, (46)
Then, Z,, 4542 contains Y;(zag**=m+2t=2) | Y;(zag**+4t2).
Let us check that Y;(zag**~™%2)t=2) is admissible in Z,, s 0.
It is clear that Z,,4s+2 does not contain Yi(zaq‘l(k_m“)t_Q) as it has been removed at the previous step.
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Moreover, if Z,, 1 512 contains Yi(zaq‘l(k’m”)). then by (46), Xxyst2 contains Yi(zaq‘l(’“*m“)). Thus, accord-
ing to the graph, X,, contains Y;(zag**~™%2)). However, we read in the same figure that Y;(zag**~"+2)¢=2)
is admissible in X,,. It is absurd. Hence, Y;(zaq"‘(k_m“‘z)t_Q) is admissible in Z,, 4542 and the algorithm gives
a monomial Z,, 141 such that :

4(k—m+1)+2t—1)—1 -7

Zmysyadi(zaq mts+1-

By induction, we get monomials Zgyo, ..., Zyysy1 verifiying the equation (46).

Now we want to complete our graph to the following :

Xk+s+2
At — Ay (zagtt-2)!
Ay(zag™ 21y -1 A;j(zaght=25-2)1
Z3+2 Xk:+1
Aj(zag*)™t Ai(zag?t=H) 71
Aj(zag*t=272)~! Ay (zag™+2—1)—1
¥
Zy X'
Aj(zag*)™!
X

Furthermore, by (45), we get :

djaq5t-1 (Zst2) = djagor—1 (Zktst1) = djagsr—1 (Xigst2) + 1.
But we know by admissibility of Y;(zag°t~?) and regularity of X440 that :

dj,aqf’t*1 (Xk+s+2) =0.

Hence, d; gq5¢-1(Zs42) = 1.
Thus, the monomial Zs o contains Y;(zaq®t ') ...Y;(zag’t=2*73). We want to check that Yj(zaq®t™!) is
admissible in Zgo.
If Z,. o contains Y;(zag3t~1) then it contains Y;(zaq®t=3)Y;(zaq3t 1) (this is of the form Y;(zc)Y; (zcq~2"it2)).
By regularity, it also contains Y;(zaq®t~3). By (46), Xgisi2 contains Y;(zag®t3), and Y;(zaq®t3) is not
admissible in Xy ¢42. It is absurd.
If Zs4o contains Yj(zag’t) then by (46), X442 contains Y;j(zag’t). , According to the graph, this implies
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that X’ contains Y;(zaq®t). But Y;(2ag°t 1) is admissible in X’. It is absurd.
Hence, Yj(zaqst’l) is admissible in Zs,9 and the algorithm gives a monomial Z,; such that :

ZsioAj(zag") ™t = Zgya. (47)
We assume there exists 0 < m < s+ 1 such that we constructed Z,41 for all m < u < s+ 1 such that :

Vm<u<s+1, ZyAj(zag*t 2CTIm)"l =7

We want to prove that Yj(zag®t—2(s—m+1)=1)

monomial Z,,.

It is clear that Z,,1, does not contain Yj(zag®t~2(s=m+1+1) ag it has been removed at the previous step.
Moreover, if Z,, 11 contains Y;(zag®t~2(s="+1D=1) then by construction, Xy s12 also contains Y;(zag®t ~2(s=m+1)=1),
According to the graph, this implies that X ,,12 contains Yj(zaqgt’Q(s’m“)*l). However, we read in the

graph that Yj(zag®t—2(s=m+1)=1) is admissible in Xj 2. It is absurd. Hence, Y;(zag’t~2(s=m+1-1) jg
admissible in Z,,+; and the algorithm gives a monomial Z,, such that :

is admissible in Z,,4+; so that the algorithm gives the right

Zm+1Aj(Zaq4t72(57m+1))71 — Zm

Finally, let us prove that Y;(zag*t=?2) is admissible in Zj.
We have the equality ZgA;(z¢?t~1)~! = X. Then, by identification of the degrees the admissibility is clear.
Hence the admissibility, and the following graph :

Xk+s+2
Ai<zaq6“>/ A;(zag*t=2)!
A;i(zag** 21—l A;j(zaght=2-2)"1
Zsio X+1
Aj(zagh)™! Ai(zag?t™1)!
Aj(zaq*t=272)71 A;(zag*tt3—1)—t
Zo X'
(raad)—1
Ai(zaftN Aj(zaq”)
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Now, we assume A; (zbg™t"") simplifies Y;(zat?).

We have d; ,4-2(X’) = —1. We know that d; ,,—2(X) = 0, then it implies
it (A; (bgt™) ™) = 1.
Hence, bgt~! = at~2 and hence
b=aq 'ttt

As in the previous case, we want to apply the induction hypothesis and get the following graph for a k
defined above :

X
’1“ Ai(zag?t=) "
i Ay(zag?t—2k—1)1
X/
i Aj(zat=2)71
X

Let k > 0 the maximal integer such that Y;(zat=2%)~! appears in X’ for all 0 < s < k.

By definition, Y;(zat=2(*+1))~1 is not in X’. Moreover, if Y; (zaq*t~2*)~! appears in X', then Y;(zat=2(*=1)=1Y;(zaq*t~2F)~!
also appears in X’. The monomial has to be regular, so Y;(zat=2*)~1Y;(zaq*t—2*=1)~1 appears in X'.

Thus, X’ contains Y;(zat=2*=2))~1Y}(zaq?t~2(*=1))~1. We can iterate this reasoning until we get that

Yi(zaq*)~! appears in X’. However it does not appear in X and has to be simplified by the transformation

Aj(2bgt=1) 71 = A;(zat=2)71. It is absurd by definition of A;. Hence, we can apply the induction hypothesis

and we obtain that there exists X; given by the algorithm such that

X1 Ai(zag?t~ R =1 = X7
We can define recursively X, 2 < s < k + 1 such that
XsAi(Zaq2t7(2k72s+3))71 — Xs—l-

Indeed, for all 1 < s < k+ 1, Y;(zat=2*)~! appears in X, for all 0 <u <k +1— s and Y;(zaq4t_2(“_l))_1
does not appear in X, nor Y;(zat~2(#+2-9))=1 50 that we can apply the induction hypothesis. In particular,
we have constructed X1 such that

XkHAi(zant_l)_l = X.
Moreover,
X1 Ai(zag®t™ ) Ay (zag?t )7 Ay(zag?t— GRHDY T = X7, (48)
By definition of the algorithm, the arrow X’ — X implies that Yj(zaqt_?’) is admissible in X’. In particular,

it implies that d; 4q-3(X') = 1 and d; 4¢-1 (X') = 0. But the equation (48) gives

dj,aqt*1 (X/) = dj7aqt—1 (Xk+1) +1 and djﬂqtfs (X’) = dj,aqt*S(XkJrl) + 1.



84 HICHAM ASSAKAF

Hence, d; qq¢-1 (Xk41) = —1 and d; 4q¢-3(Xp41) = 0. Thus, X1 contains Y;(zaqt=')~! and does not con-
tain Y;(zagt=3)71.
Let s > 0 be the maximal integer such that Xy, contains the monomial :
Yi(zagt™ ")t Yj(zag® )T
Iffor 1 <wu < s, Xj41 contains Y;(zag"t'¢=3)~1, then it contains the monomial Y;(zag?“~D+1¢=1)=1Y; (zaq?uH1¢=3) L.
However, X1 has to be regular, so X341 also contains Y}(zaqz(”_l)“t_?’)_l. Iterating the same argument

we would get that Xy does contain Y;(zagt™2)~!, which is absurd by the argument written below. Hence,
we can use s + 1 times the recurrence hypothesis until a monomial Xy 42. We get :

VO <u<s, Xk_HH_QAj(Zaqz(siu)+2t72)71 = Xktut1
At this step, we have constructed a path from Xy, sy0 to X with:

Xitsrodj(zag’t™) 7 - Aj(zag® 7% 7%

(49)
Ai(zag®t™) 7 Ay(zag®t ) T A (zat ™) T = X
We get the following path in the graph representation of the algorithm:
Xk s
I 2 Aj(zag?t=2)71
A (2aq?s+2t=2)"1
¢ J
KXt1
f Ai(zag?t™1) ™t
i Ai(zag?t=2k—1)~1
X/
i Aj(zat=2)71
X
Finally,
Xptsso contains Y;(zag*t™) ... Yi(zag*t ™2 "2)Y;(zag®t™3) ... Yj(zag* T3t 73). (50)

Let us prove that s > 0. By contradiction, if s = 0 then Y;(zaq*t~2) is admissible in X syo. Indeed,
diaqit—2(Xkts+2) = diagre—2(Xp11) = 1,
di agt (Xits+2) = diggr (Xi41) =0,
di,at*2(Xk+s+2) = di,at*Z(Xk+1) =0.
Hence, the algorithm applies the transformation A4;(zaq?t=1)~! to Xi, 442 and we get a monomial X* such

that :
Xpysrodi(zag®t™) ™ = X~
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Then in particular,
dj’aqt—l (X*) = dj’aqt—l (Xk+s+2) +1= dj,aqt*1 (Xk+s+1) +1+1=1.

Indeed, by genericity, d; 4q¢-1(Xk4s+1) has to be equal to —1. Moreover, by admissibility of Y;(zag??) in
Xkts+2 and regularity,

djaaqstfg (X*) = dj,aq'“"ff3 (Xk+s+2) = ]-7
djaqr-3(X") = dj qqt-3(Xpgsy2) =0,

Then X* contains a term of the form Y;(zc)Y;(zcq~2"t?) but does not contain Y;(zcq=2"7) (with ¢ = ¢3~3)
and X* is not regular. It is absurd. Hence, s > 0.

The aim is now to construct another path from X 4,2 to X ending with the transformation A;(zag*t~1)~!
in order to conclude.
Firstly,

di,aq4t*4 (Xk,+s+2) - di,aq4t*4 (Xk) - 1,

because as shown in the graph below, Y;(zag*t~*) is admissible in Xj,. Moreover, d; ;-4 (Xkts42) = di ap-1(Xi) =
0 for the same argument of admissibility. Additionally, if d; 444;-2(Xg4s42) = 1 then by definition of
Aj(zag*t™%)~" it implies d; 4q1¢-2(Xk4s) = 2 which is impossible by the genericity hypothesis.

Hence, Y;(zag*t~*) is admissible in X 4yo.

We construct
Ziyss1 = Xpysr2Ai(zag®t™%) 7
We assume there exists 1 < m < k such that we constructed Zs,41, for m < u <k such that

Zu+s+1 = Zu+s+2Ai(zant_Q(k_U)_3)_l'

Let us construct Zsq,41.-
Firstly, according to the graph,

di’aq4t—2(k—m)—4 (Zstma2) = di’aq4t—2(k—7n)—4 (Xm) =1
Moreover,

di,aq‘lt*"‘w*m)*? (Zs+m+2) = di,aq4t*2(’“*m)*2 (Zstm+3) — 1= di,aq‘lt*?(k*m)*Q (Xm+41) —1=0,
because of the transformation Zs ., +3 = Zsym+t2 and because }/i(zaq4t_2(’“_m)_2)
Additionally, Y;(zag*t—2(*=™)=%) is admissible in X,,. Thus,

is admissible in X, 41.

di7at—2(k—m)—4 (Zs+m+2) = di7at—2(k—'m,)—4(Xk+s+2) = di)at—2(k—m)—4 (Xm) =0.

Hence the admissibility of Y;(zaq*t=2*=")=4) in Z, .. and the existence of the following transformation
given by the algorithm :

Zm+s+1 = Zm—i—s+2Ai(Zaq2t72(kim)73)71'

We obtain the following graph :



86 HICHAM ASSAKAF

Xitst2
Ai(zaq2t3)/ Aj(zag®t™?)
Ai(zaqzt—%—l)—l l Aj(zaq23+2t_2)_1
Z5+2 Xk+l

Ai(zag*t=1)7t

Ai(zaq2t72k71)71

Aj(zat=2)~1

X

Again, we want to construct a path from Z;,2 to X in the algorithm graph.
Firstly, by definition of the variables A; and by admissibility in X',

djagt-3(Zs+2) = dj aqr—3(Xktst2) + 1,
= djaqi-3(Xk) + 1,
=djaq-3(Xp—1) —1+1,
= j,aqr?’(X/) =L
Moreover,
dj.ag-11-3(Zss2) = djag-31-3(X') = 0,
as Yj(zaqt*S) is admissible in X’. Additionally, we deduce from the graph the following computation
djaqi-1(Zs+2) = djagr-1 (Xkts+2)
= djag—1 (Xpys41) — 1
=djaq— (Xk) +1-1
= dj,aqt_l(Xl) =0
Hence, Y;(zagt™3) is admissible in Zs; 2. Thus, the algorithm constructs the following monomial :
Zsi1 = ZS+2Aj(Zat_2)_l.
Now, we assume there exists 0 < m < s such that we constructed Z,41, for m < u < s such that

Zu+1 = Zu+2Aj (zaqz(s_“)t_Q)_l .
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Let us construct Z,,.
Let us prove that Y;(zag?*T1=m)+1¢=3) is admissible in Z,, 1.
Firstly, according to the graph and by admissibility,

dj agaiormraps (Zimn) = dy ggatossmops (Xicgmea) = 1
Moreover,
dj aqs—m+14-3(Zm+1) = dj qgpe-mrt14-3(Zms2) — 1 =0,
by admissibility and because of the transformation Z,,42 — Zp41-
Additionally, Y}-(zaqg(sﬂ’m)*lt*?’) is admissible in X} ., 12. Thus,
dj qg2st1-my+14-1(Zmg1) = dj gg2tar1-my+14-1 (Xprmr2) = 0.

Hence the admissibility of }/j(zaq2(3+1_m)+1t_3) in Z,,+1 and the existence of the following transformation
given by the algorithm :

A m+1Aj(zaq2(s+1_m)t_2)_l.

To conclude, we have to prove that Y;(zaq*t~2) is admissible in Z.
We have the equality ZoA;(z¢*t~1)~! = X. Then, by identification of the degrees the admissibility is clear.
Hence the following paths of transformations in the algorithm :

Xts+2
Ai(zaqztg)/ Aj(zag?t=2)71
Al‘(Za,q2t72k71)71 Aj(zanS—‘er—Q)—l
ZS+2 Xk+l
Aj(zat=2)~1 Ai(zag*t=1)71
Aj(Zaq2S+2t72)7l Ai(zaq2t72k71)71
Zo X'
_ —2\—1
Ay(zag?t=1)"1 Aj(zat™=)
¥
X

b) We assume there exists a monomial X" also appearing in the algorithm such that

X" Ai(zaq" it ) = X/,
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then X" does contain Y;(zag?*"it~2).

Here there are two cases to consider :

o dip 22 (A;(zaq"it~1)~1) = 1 and the term Y;(zag® it ~2) comes from the transformation A;(zaq"t~1)~1.

e X" contains Y;(zag?1t=?).
Firstly, we assume d; , 2r;, 2(A;(2a¢"t~')~") = 1 and the term Yj(zag*7¢~?) in X’ comes from the trans-
formation A;(zaq"it~1)~1. Hence, i # j, and we assume the Dynkin subdiagram with nodes {i, j} is of type
By with (i,7) = (2,1).
Thus,

b’t 2 = aqt™! or bg?t™2 = ag3t™!
If bg?t =2 = aqt ! then a = bgt ~! and d; ,(A;(zbgt~1)~!) = 1. However, d; ,(X) = —1 and X' A;(zbg"it~1)~! =
X. Thus, d; (X’) = —2 which is absurd because it contradicts the genericity.
Hence, bg*t=2 = ag®t~'. By admissibility, d; 43:-1(X’) =1 and d; 4-1(X’) = 0.
But d; 41 (Ai(zag*t™ 1)) = 1. Thus, d; 4q01 (X") = —1.
Let s > 0 be the maximal integer such that X’ contains the monomial :
Yi(zagt™ ")t .. Yj(zagt™2* )7L

If for one 0 < u < s, X" contains Yj(zaqst_2“_1)
But we have :

~! by regularity we deduce that X" contains Y;(zag3t~1)~!.

dj,aq3t—1(XH) = djTaqst—l(Xl) — djﬂqst—l(Ai(zaqzt_l)_l) =1-1=0.
Hence, it is absurd. Thus, the induction hypoyhesis allow to construct X, ..., Xs41 such that we get the
following subgraph in the algorithm graph :

Aj(zag?t™2)71

i Aj(zaq2t23—2)—l

i Ai(zag®t=H) 71

i Aj(zag*) ™t

In particular, by admissibility and regularity,
dj,aq3t*3 (Xs-‘rl) =1, dj,aqtfl(XS-‘rl) =0, dj,aqt*?’ (XS+1) =0.

Now, d; o(Xs41) = di o(X") for ¢ = ag*t~2, aq*, at=2. Hence, the admissibility of Y;(zag*t~2) in X” implies
its admissibility in X1, and the creation of

Z = Xo14i(zag?t™ )t
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in the algorithm. Hence, d; 4q1-1(Z) = dj qg3:-3(Z) = 1. and d; 44¢-3(Z) = 0. This contradicts the regularity
of Z.

Hence, we are in the second case and X" contains Y;(zag*"it=2).
Let us prove that Y;(2bg®"it( — 2)) is admissible in X"
If i = j (so that r; = r;), then by contradiction we assume that Y;(2bg®"7¢~2) is not admissible in X”.
We know that Y;(2bg?"it=2) is admissible in X’ so that the presence of Y;(zag®*"it=2) in X" prevents from
doing the transformation Aj(bq”t_l)_l. It implies that @ = bg~2™ or a = bt?. This implies X contains
Y;(2b) 7! =Y;(zag*) 7! or Y;(zat=%)71. It is absurd by the initial assumption on X. Thus, Y;(2bg*7t2) is
admissible in X",
If i # j then it is clear that the admissibility of Yj(zbg?"it( — 2)) in X’ implies its admissibility in X"’
Finally, there exists a monomial

Xnew = X”Aj(zaq”t_l)_1
given by the algorithm and X,,.,, contains Y;(zaq®*"it~2). Moreover, if the transformation A;(zag"it=1)~1 is
not admissible from X,,,, then there exists a factor Y;(zat~2) (resp. Y;(zaq®"*)) blocking this transformation.
But this would imply that this factor also appears in X as we have the following equality of monomials :

Xnew = Ai(zaqmt_l)_lX'

We remark that a priori, this equality is not sufficient to get an arrow from X,,¢,, to X. This equality implies

di,an"i (Xnew) = di,an"i (X)v

and same for at~2. And hence X does contain Y;(zc) and Y;(zct?) ™! with ¢ = at=2 (resp. Y;(zcq=?"1)~! with
¢ = aq®") which contradicts the regularity of X. It is impossible. Hence the admissibility of Y;(zaq?"it=2)
in X, ew-

Finally we get the following paths :

X

Aj(zbgit=1)~t Ai(zaqmit™") !
Xnew X'

Ai(zagmit=1) 71 Aj(zbgit=1)~1
X

This concludes the proof in type Bs.



90 HICHAM ASSAKAF

B.2. In type G3: We have r; =3, 1y =1,
A1(2) = Yi(zq )i (2t )Ya(2q72) 7 Ya(2) T Va(2g?)
Az(2) =: Ya(zq ") Ya(zqt )Y (2) 7"
B.2.1. In the case (i,j) = (2,1) :

Proof. We prove it by induction on the height of the monomials. We assume the Lie subalgebra generated
by the nodes ¢ and j is of type B, and (i,5) = (1,2). Height 0 : The only monomial with height 0 is the
dominant generic monomial from which we start our algorithm. Hence the property at height 0.

Height h + 1 : We assume the property is true for all the monomials with heights h’ < h € N. Let us prove it
for the monomials with height A+ 1. Let X be a monomial with height A + 1. The monomial appears in the
algorithm, so it has to come from a monomial X’ with height h. Let Aj(zbq”t_l)_1 be the transformation
involved. It implies that d;;(X) = —1 and d; }2r;,—2(X’) = 1. Let i € I, a € K such that d; .(X) = —1 and
d; qq2ri (X),di g1—2(X) # —1.If (4,a) = (j,b) then we have the result. Else, we have

X = X'A;(2bg" it )L

Hence,

s (X = 1

d; b(X) =-1

dj.o(X) =d;(X") for all ¢ & {b,bg*"it=%}

dpo(X) > dpo(X') forall k # j, c € K
We know that d; o(X) = —1, and (i,a) # (J,b). It implies d; ,(X’) < —1. The monomials are all generic,
thus

dio(X')=-1

Then by the induction assumption, one of the two following assertions is true :

(a) d;qp2ri (X') = =1 or d; gp—2(X') = —1.
(b) There exists a monomial X" appearing in the algorithm such that
X"Ai(zag"t™ )7 = X,

a) Firstly we assume (a) is true and X’ does contain Y;(zag®") ™" (i.e d; 442 (X') = —1). Let us prove that
this case is absurd, then we will consider the case where X’ does contain Y;(zat?)™! (i.e d; 42(X’) = —1)
By assumption, d; ,.2r (X) = 0. It implies that the transformation A;(zbg"i¢~')~! simplifies Y;(zaq®")~!
and in particular ¢ # j. Therefore, the expressions depend on the type of the Dynkin diagram generated by
the nodes i and j.

Let us do it in type G, (,7) = (2,1).
Aj(zbgit™ )Tt = A (bt
= Y;(2bg®t =%)"Y} (2b) " Y;(2bgt ) Yi(2bg*t )Y, (2bg"t )
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Then

bgt ' = ag?, or bt = ag?, or b®t™ ! = ag?.
In the two last cases, the transformation A;(zbg"it~')~1 also simplifies Y;(za)~!. This is impossible. Thus,
we are in the first case and as in types Aa, By we get :

b = aqt.

Let k > 0 the maximal integer such that Y;(zaq?®)~! appears in X’ for all 0 < s < k. We want to prove that
the graph representation of the algorithm contains the following subgraph :

X
liﬂ A;(zagt=H) 71
i Ay(zag? 141y~
X/
| Aj(zaq")™!
X

By definition, Y;(zaq?**+1)~!is not in X’. Moreover, if Y;(zaq?*t=2)~" appears in X', then Y;(za¢q>*~Y)~1Y;(zaq?*t—2)~*
also appears in X’. The monomial has to be regular, so Y;(zaq?*)~1Y;(zag®*~Vt=2)~1 appears in X'.
Thus, X’ contains Y;(zag*>*=2))~1Y;(zaq?*~1t=2)~1. We can iterate this reasoning until we get that Y;(zat=2)~"
appears in X’. However it does not appear in X and has to be simplified by the transformation A4;(zbg"it 1)~ =
Aj(zag*)~t. It is absurd by definition of A;. Hence, we can apply the induction hypothesis and we obtain
that there exists X7 given by the algorithm such that
X1 Ai(zag® )7 = X7,

We can define recursively X, 2 < s < k 4 1 such that

X Ai(zag® 23 )7L = X, ).

Indeed, for all 1 < s < k + 1, Y;(zaq**)~! appears in X, for all 0 < u < k+ 1 — s and Y;(zag?*~Vt=2)~!
does not appear in X nor Y;(zan(k+2_s))_1 so that we can apply the induction hypothesis. In particular,
we have constructed X1 such that
X1 di(zagt )t = X,
But d; 4q-1(Ai(zagt ™)) = 1. Thus,
dj,aqtfl(Xk-‘rl) = dj7aqt*1(Xk) —-1= dj,aqtfl(X/) —1<0
because by regularity,
djaqe—1 (X') € {0,1},
and if d; 44,1 (X’) = 1 then the transformation A;(zbg3t~")~! = A;(zag*)~" would not have been admissible
from X’. Thus d; 4q-1(X’) = 0 and X4 contains Y;(zagt~*)~*. Moreover,

Xi1Ai(zagt ) Ay (zag®t ™) 7 - Ay(zag® T ) T = X (51)
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We recall that X’A4;(zaq*)™ = X. By definition of the algorithm, it implies Y;(zaq"t!) is admissible in
X'. In particular, it implies that d; ,,7¢-1(X") =1 and d; 44:-:(X’) = 0. But the equation (51) gives

dj7aqt—1 (X/) = dj,aqt*1 (Xk-',-l) +1 and dj,aq7t*1 (X/) < dj,aq7t*1 (Xk-',-l) + 1.
Hence, d; gq1-1(Xg41) = —1 and d; 4474-1(Xg41) > 0. Thus, X4 contains Y;(zaqt=)~! and does not con-
tain Y;(zaq"t=1) 7L
Let s > 0 be the maximal integer such that X, contains the monomial :
Yi(zagt )"t Yj(zagt™3 )7L

Iffor 1 <u < s, Xy11 contains Yj(zaqg"t2*~1)~1, then it contains the monomial Y;(zagt=2**1)~1Y;(zaq"t 2+~ 1)1
However, X1 has to be regular, so X1 also contains Y;(zag"t~2“T1)~1. Tterating the same argument we
would get that Xgi1 does contain Y;(zaq"t~')~!, which is absurd by the argument written below. Hence,

we can use s + 1 times the recurrence hypothesis until a monomial X sy2. We get :

V0 <u < s, Xk+u+2Aj(Zaq4t_2(s_u)_2)_1 = Xktut1
At this step, we have constructed a path from Xy, sy0 to X with:

Xk+s+2Aj (Zaq4t—2)—1 e Aj (Zaq4t—2s—2)_1 v

(52)
Ai(zagt™") 7 Ay (zag® TN T A (zag?) T = X
We get the following path in the graph representation of the algorithm:
Xits
kI 2 Aj(zagt=2)7t
i Aj(zagit=25-2)"1
X
T A
¢ Ai(zaq%‘*‘lt_l)_l
X/
i Aj(zag*)™1
X
Finally,
Xptsso contains Y;(zag®™2) ... Y;(2ag®* T2t72)Y;(zaq"t %) ... Yj(zaq"t72"73). (53)

The aim is now to construct another path from Xps12 to X ending with the transformation Ai(zaqt’l)’1
in order to conclude.
We want to obtain the following subgraph :
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KXktst2
Ai(zaq7t1)/ Aj(zag*t=2)71
Ai(zag?t1t=1)—1 l Aj(zaght=25-2)1
Zsya KXkt
Ai(zaqt=1)~!
Ay(zag2h 1)1
X/
A; (zaq*)~1
X

Firstly, let us prove that k¥ > 3. The transformation X’ — X gives that Y;(zaq"t"!) is admissible in X’.
Thus, d; 447¢-1(X’") = 1. By contradiction, if k¥ < 3 then from the graph below we deduce that

dj7<1q775_1 (X/) = dj,aq7t_1 (Xk+s+2) =1

Hence, Yj(zaq7t*3) is not admissible in X442, which is absurd. Hence, k > 3.

To apply the transformation A;(zaq’t~!)~!, we need to check that Y;(zaq®t~?) is admissible in X ¢1o.
We know that X} ..o does not contain Y;(zaq®t=?2) as it would imply that X .1 contains Y;(zaq®t~2)?
which is absurd as all monomials are generic by assumption. Moreover, if X ;4o contains Yi(zaqg) then the
equation (52) implies :

di ags (Xitst2) = di g (Xp—2) = 1.
But the graph gives that Y;(zag5t~2) is admissible in Xj;_o. It is absurd. Thus, Y;(zaq®~2) is admissible in
Xpist2 and the algorithm apply the transformation A;(zaq"t™')~! to Xp4 440, giving a monomial Zp 441
such that :

Xigsr2Ai(zag t™") " = Zyjasr. (54)

We assume there exists 3 < m < k — 1 such that the algorithm gives Z, 41 for all m < u < k such that :
Vm < u <k, Zu+s+2Ai(zaq2(k_“+3)+1t_1)_1 = Zytsii,

setting Zx4st2 := Xgts+2. We want to prove that the algorithm gives Z,, 41 such that :

2(k—7n+3)+1t—1

Zm+s+2Ai(Zaq >_1 = Zm+s+1-
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We know that

Zmsssz = Xppsi2Ai(zagt ™)™ o Ay(zag®Fmm DT 7L (55)
Then, Z,, 4542 contains Y;(zag?*=m+9t=2) | Y;(zag?*+3t2).

Let us check that Y;(zag?*~™*%¢~2) is admissible in Z,, s 0.

It is clear that Z,,4s+2 does not contain Yi(zaq2(k_m+3)t_2) as it has been removed at the previous step.
Moreover, if Z,, 1 512 contains K—(zaqz(’“’m*‘l)). then by (55), Xgtst2 contains Yi(zan(’“*m*‘l)). Thus, accord-
ing to the graph, X,,_, contains Y;(zag*>*~™*%)). However, we read in the same figure that Y; (zag?*—m+3)¢=2)
is admissible in X,,,_o. It is absurd. Hence, Y}(zaq2<k—m+4)t_2) is admissible in Z,,1s42 and the algorithm
gives a monomial Z,,4s41 such that :

2(k—m+3)+1t—1>—1 -7

Zmysy2Ai(zaq mts+1-

By induction, we get monomials Zs 4, ..., Zpts+1 verifiying the equation (55).

Now we want to complete our graph to the following :

Xk+s+2
At — Aj(zaqtt=2)!
Ay (zag?* 1)1 A (zaght—25-2)"1
Zsya Xky1
) 4y—1
Aj(zaq”) Ai(zagt=H) 71
Z5+3
Aj(zag*t=2)1
J Ai(zag?*+1¢=1)-1
¥
Zoro X/

Aj(zag*)™!

Furthermore, by (54), we get :
dj,aq7t*1 (ZS+4) - dj,aq7t*1 (Zk)+s+1) - dj,aq7t*1 (Xk+s+2) + 1
But we know by admissibility of Y;(zaq"t~3) and regularity of Xy s;2 that :
dj,aq7t*1 (Xk+8+2) =0.

Hence, d; qq7¢-1(Zs1a) = 1.
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Thus, the monomial Zs,4 contains Y;(zaq"t™1)...Y;(zaq"t=2573). We want to check that Y;j(zaq"t™!) is
admissible in Zg4.
If Zy14 contains Yj(zagt ') then it contains Yj(zaq"t~2)Y;(zaqt ™) (this is of the form Y;(zc)Y;(zcq2"t?)).
By regularity, it also contains Y;(zaqt=3). By (55), Xgisro contains Y;(zagt™?), and Y;(zaq"t?) is not
admissible in Xjy442. It is absurd.
If Zs.4 contains Y;j(zag"t) then by (55), Xjis+2 contains Y;(zaq't). According to the graph, this implies
that X’ contains Y;(zaq"t). But Y;(2aq"t™1) is admissible in X’. It is absurd.
Hence, Yj(zaq7t_1) is admissible in Zs;4 and the algorithm gives a monomial Z,,3 such that :
ZsraAj(2aq") Tt = Zops. (56)
Now we want to construct Zs o such that
Zsy3Aj(zag't ™) = Zspo.
Let us prove that Y;(zaq"t~3) is admissible in Z, 3.
By admissibility,
dj,aq7t*3(ZS+3) = dj,aq7t*3 (Xk+s+2) =1
Moreover,
djaqt-3(Zs+3) = djaqr-3(Xkts+2) =0,
and
Qjaqri-1(Zays) = djagre—1 (Zaga) =1 =1—1=0.
Hence the admissibility and the monomial Z,,9 appears in the algorithm.

Finally, let us prove that Z,, 9 is not regular.
By regularity and because Y;(zag*t~2) is admissible in X}, we have d; 4qt(X%) = 0. Thus, the graph gives
di,aq4(Zs+2) = di,aq4 (Zs+4) + 17
= di,aq4 (Xk+s+2) + 1a
= di,aq‘l (Xk) —+ 1,
di,aq4(Zs+2) = 1
Moreover, by admissibility, d; 446¢-2(Xr—1) = 1. Thus,
di,aqﬁt*2 (Zs+2) z ,aqSt— 2( s+3) +1,
= dz ,aqSt— 2(*XVICJrSJFQ) +1,
=d; ,aqSt— 2(Xk+5+1) —1+1,
= d’L ,aqSt—2 (X )
di,aq‘jt*2 (Zs+2) =1

However, by construction of the algorithm, the transformation Xy syo — Zits41 gives that d; 46 (Zits41) =
—1. Thus the graph implies

di,aq5(Zs+2) = di,aq6 (ZS+4) +1,
= di,aq6 (Zk+s+1) +1,
di,aqﬁ(ZS-‘rQ) =0.
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Hence setting ¢ = ¢% 2, Z; contains Y;(zc)Y;(zcq™?"t?) but does not contain Y;(zct?). It is absurd as as-
sumed that the algorithm does not fail.

Now, we assume A;(zbg"it~') simplifies Y;(zat?).

Now, we assume d; ,¢—2(X’) = —1. We know that d; ,;—2(X) = 0, then it implies
di7at_z(Aj(zbq3t_1)_1) =1.
Hence,
bgt ™1 = at™2 or bt~ = at™? or bg®t~! = at 2.
We assume bgt ~! = at=2 or bg®t~! = at~2. Firstly, it is clear that d; ,(X’) = —1 and d; 442(X’) = 0. Then
by regularity, d; 442¢-2(X") # —1. Moreover,
diﬁaqztfz (Aj (qugtil)il) =1.

Then, d; 420-2(X') = d; ag2e-2(X) — 1. Thus, d; 442¢-2(X) = 1. Hence, X contains Y;(zaq?t=?)Y;(za)~'. Let
us prove that Y;(zag*t?) is admissible in X. If d; ,42(X) = 1 (resp. d; o4—2(X) = 1) then X is not regular
as it contains a term of the form Y;(zc)Y;(zcq=2")~1 (resp. Y;(zc)Yi(zct?)™1). Hence the admissibility of
Yi(zaq*t=2)in X. So, the algorithm implies a transformation to obtain the monomial

X* = XA;zaqt ™",
and d; ,(X*) = —2 which contradicts the genericity.

Hence, b = aq~°t~!. As in the previous case, we want to apply the induction hypothesis and get the following

graph for a k defined above :

Let k > 0 the maximal integer such that Y;(zat=2%)~! appears in X’ for all 0 < s < k.

By definition, Y;(zat~2(**+1)~1 is not in X’. Moreover, if Y;(zaq?t~2*)~! appears in X', then Y;(zat=2(*=1)~1Y;(zaq?t~2F)~1
also appears in X’. The monomial has to be regular, so Y;(zat=2*)=1Y;(zag*t~2*=1)~1 appears in X'.

Thus, X’ contains Yj(zat=2*=2))=1Y;(zaq?t=2*~1)~1. We can iterate this reasoning until we get that
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Yi(zaq?)~! appears in X’. However it does not appear in X and has to be simplified by the transforma-
tion A;(zbgt 1)~ = Aj(zaq™?t~2)~1. It is absurd by definition of A;. Hence, we can apply the induction
hypothesis and we obtain that there exists X7 given by the algorithm such that

X1 Ai(zagt= D)= — x7,
We can define recursively X, 2 < s < k + 1 such that
XSAi(zaqt7(2k72s+3))71 =X, 1.
Indeed, for all 1 < s < k+ 1, Y;(zat=2*)~! appears in X, for all 0 < u < k — s and Y;(zag?t~2=D)~1 does

not appear in X nor }Q(zat_Q(k”_s))_l so that we can apply the induction hypothesis. In particular, we
have constructed X1 such that

X1 4i(zagt )™ = Xy
Thus,
Xir1Ai(zaqt™) " Ai(zagt™) 7t Ag(zagt” CFED) T = X7 (57)

By definition of the algorithm, the arrow X’ — X implies that Yj(zaqt*?’) is admissible in X’. In particular,
it implies that d; 413 (X') = 1 and d; 4¢-1(X') = 0. But the equation (57) gives

dj,aqt—l (X/) = djﬂqt—l (Xk+1) +1 and dj,aqt*?’ (X/) = dj,aqt*3 (Xk+1) + 1.

Hence, d; 4qi-1(Xk41) = —1 and d; 44¢-3(Xi41) = 0. Thus, X411 contains Yj(zagt™')~! and does not con-
tain Y;(zaqt=3)71.

Let s > 0 be the maximal integer such that X, contains the monomial :
Yi(zagt™") "t Y (zag® )T
Iffor 1 <u < s, Xj41 contains Y;(zag®+1¢=3)~1 then it contains the monomial Y;(zag®“~V+1¢=1) =1y (zag®+1¢=3) 71,
However, X1 has to be regular, so X1 also contains Y']-(zaq(j(“_l)“‘lt_?’)_l. Iterating the same argument
we would get that X1 does contain Yj(zaqt_?’)_l, which is absurd by the argument written below. Hence,
we can use s + 1 times the recurrence hypothesis until a monomial Xy s42. We get :
Vo <u<s, Xk+u+2Aj(zaqG(S*“)+4t*2)*l = Xraur1

At this step, we have constructed a path from X542 to X with:

Nipor2A;(zagt™2)" -+ A;(zag®T42) "1 x

Ai(zaqtﬂ)fl . °'Ai(zaqtf%*l)*lAj(zaq*2t*2)*1 —x

We get the following path in the graph representation of the algorithm:
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Finally,

Xpysto contains Y;(zag?t ™) ... Yi(zag*t =2 72)Y;(zaq"t3) ... Y;(2aq® Tt 73). (59)
The aim is now to construct another path from X, .2 to X ending with the transformation A;(zaqt=!)~!
in order to conclude.
Firstly,

di,ant_4 (Xk+5+2) = dz'7<1,q275_4 (Xk) = ]-7
because as shown in the graph below, Y;(zag®t~*) is admissible in Xj,. Moreover, d; q¢—1(Xpts12) = di ap—1(Xg) =
0 for the same argument of admissibility. Additionally, if d; 4424-2(Xg4s42) = 1 then by definition of
Aj(zag®t=2)~1 it implies d; 442-2 (Xkts41) = 2 which is impossible by the genericity hypothesis.
Hence, Y;(zag?*t~*) is admissible in X ¢4 2.
We construct
Ziyor1 = Xppsrodi(zagt™3)7L.

We assume there exists 1 < m < k such that we constructed Zs 1,41, for m < u <k such that

Zutsi1 = ZupsiaAi(zagt™ 2k =3)=1,

Let us construct Zsq,41.
Firstly, according to the graph,

di’aq2t—2(k—7n)—4 (Zstma2) = di’aq2t—2(k—m)—4 (Xm) =1
Moreover,
di7aq2t—2(k—m)—2 (Zs-&-m—&-Q) = di7aq2t—2<’“—m)—2 (Zs+m+3) —1= di7aq2t—2(k—'m.)—2(Xk.i'_s_i'_g) —1= 0,
because of the transformation Zsim+s — Zstm+2-
Additionally, Y;(zag?t—2(*=™)=%) is admissible in X,,. Thus,
diyat—2(k7'm)—4 (Z5+m+2> == d’i,at72(k’7m)74 (Xk;+5+2) - di’at72(k77n)f4 (Xm) == 0

Hence the admissibility of Y;(zaq?t=2*=")=4) in Z, ... and the existence of the following transformation

given by the algorithm :

Zm+s+1 = ZererQAi(Zaqt—2(k_u)_3)_1‘
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We obtain the following graph :

Xk+s+2
Ai(zaqt?’)/ Aj(zag*t=2)71
A
Ai(zaqt—%—l)—l l Aj(zaq63+4t_2)_1
Z5+2 Xk+1
Ai(zagt™)
Ai(zaqt=2+—1)"1
X/
Aj(aq~7)!
X

Again, we want to construct a path from Z,15 to X in the algorithm graph.
Firstly,

dj,aqt—3 (Zs+2) j aqt— 3(Xk+s+2) +1,
] aqt— 3(X )
iraqt—3(Xp— )—1+1
j,aqt— B(X/)
Because Yj(zaqt™3) is admissible in X’.
Moreover,
dj.ag-51-3(Zst2) = djag-51-3(X') = 0,
as Yj(zaqt™?) is admissible in X’. Additionally, we deduce from the graph the following computation
djaqi-1(Zst2) = dj aqe-1 (Xkts+2),
= djaqi—1 (Xpts41) + 1,
= djaqt—1 (Xp) =141,
j,aqt*l(Xl> =0.
Hence, Yj(zaqt™?) is admissible in Z,;. Thus, the algorithm constructs the following monomial :

Zer]_ = ZS+2Aj (zaq_Qt_Q)_l .



100 HICHAM ASSAKAF

Now, we assume there exists 0 < m < s such that we constructed Z,41, for m < u < s such that

Zur = Zup2Aj(zag® 727270

Let us construct Z,,.
Let us prove that Y;(zag®=™+7¢=3) is admissible in Z,,41.
Firstly, according to the graph and by admissibility,

dj agsts—mr+7e-3(Zmt1) = dj agos—m+7-3(Xigm2) = 1.
Moreover,

dj agots—mi+14-3(Zm+1) = dj agoce—mr+14-3(Zms2) — 1 =0,
by admissibility and because of the transformation Z,,+2 = Zpn41-
Additionally, Yj(zaqG(s’m)*Q*S) is admissible in Xy ,12. Thus,

dj qgbtc—mi+74-1(Zm+1) = dj g6 -m+74-1(Xg4m+2) = 0.

Hence the admissibility of Yj(zaq®~™+7¢=3) in Z,, ;1 and the existence of the following transformation
given by the algorithm :

Zin = Zps1Aj(zagt T2 71

To conclude, we have to prove that Y;(zaq?*t=2) is admissible in Z;.
We have the equality ZoA;(zqt~1)~! = X. Then, by identification of the respective degrees it is clear.
Hence the following paths of transformations in the algorithm :

Xk+s+2
A7(Zaqt3)/ Aj(zaq4t_2)_l
A;(zagt—2k—1)~1 Aj(zagts4t=2)=1
Zsio X+1
Aj(zag2t72)7! Ai(zagt=H) 71
Ay(zagh+ie2) Ai(zage—1)
Zo X'
_ —2,-2\-1
Ai (Zaqth AJ (Zaq t )
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b) We assume there exists a monomial X" also appearing in the algorithm such that
X" Ai(zaq"t ™ = X/,
then X" does contain Y;(zag?"it=2).

Here there are two cases to consider :

o d;perip-2(Ai(zag"t™1)71) = 1 and the term Yj(zag*it~?) in X’ comes from the transformation
Ai(zagrit=1)7L.

e X" contains Y;(zag?1t=?).
Firstly, we assume d; ; 2r;,—» (A;(zaq"it~1)71) = 1 and the term Y;(zag?*"t=2) comes from the transformation
A;i(zag"it=1)~1. Hence, i # j, and we assume the Dynkin subdiagram with nodes {i, j} is of type Ga with
(i,5) = (2,1). We have (r1,72) = (1,3). Thus, bg5t =2 = agt—!, and bg°t~! = a. Hence,

di,a(Aj (quStil)il) =1.

However, d; o(X) = —1 and X'A;(za¢?1)~! = X. Thus, d; .(X’) = —2 which contradicts the genericity.
It is absurd.

Hence, we are in the second case and X" contains Y;(zag*"it=2).

Let us prove that Y;(zbg?"i¢t=2) is admissible in X"

If i = j (so that r; = r;), then by contradiction we assume that Y;(zbg*"7t~2) is not admissible in X"
We know that Y;(2bg*"7¢t~?) is admissible in X’ so that the presence of Y;(zag®*"it~2) in X" prevents from
doing the transformation A;(bg"i¢t=1)~1. It implies that a = bg=2"* or a = bt. This implies X contains
Yi(zb)™t = Y;(2aq®") ™! or Y;(zat=?)~1. It is absurd by the initial assumption on X. Thus, Y;(2bg?"7t~2) is
admissible in X",

If i # j then it is clear that the admissibility of Y;(zbg?"t( — 2)) in X’ implies its admissibility in X"’
Finally, there exists a monomial

Xnew = X" Aj(zaq" t=H)~!

given by the algorithm and X,,.,, contains Y;(zaq?"t=2). Moreover, if the transformation A;(zaq™t=1)~1 is
not admissible from X,,.,, then there exists a factor Y;(zat~2) (resp. Y;(zaq®"*)) blocking this transformation.
But this would imply that this factor also appears in X as we have the following equality of monomials :

Xnew = Ai(zaqmt_l)_lX'

We remark that a priori, this equality is not sufficient to get an arrow from X,,¢,, to X. This equality implies

di,aqzri (Xnew) = di,aqz’fi ()()7

and same for at~2. And hence X does contain Y;(zc) and Y;(zct?) ™! with ¢ = at=2 (resp. Y;(zcq™?"1)~! with
¢ = aq?®") which contradicts the regularity of X. It is impossible. Hence the admissibility of Y;(zaqg*"it=2)
in X, ew-

Finally we get the following paths :
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X//
Aj(zbgit=1)~t Ai(zagmit=1)1
X’new X/
Ai(zagqrit=1)1 Aj(zbgrit=1) 71
X
and hence the result. This concludes the proof in type Go for (i,7) = (2,1). O

B.2.2. In the case (i,7) = (1,2) :

Proof. We prove it by induction on the height of the monomials. We assume the Lie subalgebra generated
by the nodes i and j is of type B, and (i,5) = (2,1). Height 0 : The only monomial with height 0 is the
dominant generic monomial from which we start our algorithm. Hence the property at height 0.

Height h + 1 : We assume the property is true for all the monomials with heights A’ < h € N. Let us prove it
for the monomials with height h + 1. Let X be a monomial with height A + 1. The monomial appears in the
algorithm, so it has to come from a monomial X’ with height h. Let A;(zbg"it=1)~! be the transformation
involved. It implies that d;,(X) = —1 and d; }.2r;,—2(X') = 1. Let i € I, a € K such that d; (X) = —1 and
d; qq2ri (X ), dj g1—2(X) # —1.If (4,a) = (j,b) then we have the result. Else, we have
X = X'A;(2bg"t ™)L

Hence,

dj.,bq“j t—2 (XI) =1

d;p(X)=-1

dj.o(X) =dj.(X') for all ¢ & {b,bg*"it=2}

di,o(X) > di,o(X') forall k # j, c€ K
We know that d; .(X) = —1, and (i,a) # (J,b). It implies d; ,(X’) < —1. The monomials are all generic,
thus

dia(X')=-1

Then by the induction assumption, one of the two following assertions is true :

(a) di,anTi (X,) = —1or di,at*2 (X/) = —1.
(b) There exists a monomial X" appearing in the algorithm such that

X" Ai(zaq it ) = X',
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a) Firstly we assume (a) is true and X’ does contain Y;(zag®"") ™! (i.e d; 442 (X') = —1). By assumption, X

does not. It implies that the transformation A;(zbg"7¢t~1)~! simplifies Y;(zag?*)~! and in particular i # j.
Therefore, the expressions depend on the type of the Dynkin diagram generated by the nodes ¢ and j.

Let us do it in type Ga, (i,5) = (1,2). Thus, (r;,r;) = (3,1). Then bgt ! = aq® and b = agt
Let k > 0 the maximal integer such that Y;(zaq%)~! appears in X’ for all 0 < s < k. We want to prove that
the graph representation of the algorithm contains the following subgraph :

X
A

i Ay (zagth+3—1)—1
X/

i Aj(,zaqG)’1

X

By definition, Y;(zag®**1)~1 is not in X’. Moreover, if Y;(zaq®t=2)~! appears in X', then Y;(zaq®*~1)~1Y;(zaq®t=2)~!
also appears in X’. The monomial has to be regular, so Y;(zaq®)~1Y;(zaq®*~Vt=2)~1! appears in X'

Thus, X’ contains Y;(2aq®*~2)~1Y;(2a¢q%*~1¢=2)~1. We can iterate this reasoning until we get that Y;(zat=2)~!

appears in X’. However it does not appear in X and has to be simplified by the transformation A4;(zbg"it~1)~1 =
Aj(zaqG)’l. It is absurd by definition of A;. Hence, we can apply the induction hypothesis and we obtain

that there exists X7 given by the algorithm such that

XlAi(Zaq6k+3t_l)_1 — X/.
We can define recursively X, 2 < s < k4 1 such that
XSAi(Zaqu—sz-&-Qt—l)—l =X, 1.

Indeed, for all 1 < s < k + 1, Y;(2a¢%)~! appears in X, for all 0 < u < k — s and Y;(2aq®®“~Dt=2)~! does
not appear in X, by the same argument as above nor }Q(zaqﬁ(kJrl*S))*l so that we can apply the induction
hypothesis. In particular, we have constructed X, such that

Xpi1Ai(zag®t™ ) = X;.

Moreover,

Xpr1Ai(zag’t™ 1) 7 Ai(zag®t ™) 7 Ai(2ag® P T = XU (60)
We recall that X’A4;(zaq®)~ = X. By definition of the algorithm, it implies Y;(zaq"t!) is admissible in
X'. In particular, it implies that d; ,47¢-1(X") =1 and d; 445¢-1(X') = 0. But the equation (60) gives

dj,aqf’t*l (X/) = dj,aq5t*1 (Xk41) +1 and dj,aq7t*1 (X/) = dj,aq7t*1 (Xg+1) + 1.

Hence, d; 4501 (Xk41) = —1 and d; 47¢-1(Xg41) = 0. Thus, Xy1q contains Yj(zag’t~')~! and does not
contain Y;(zaq"t 1)1
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Let s > 0 be the maximal integer such that Xy, contains the monomial :

Yi(zag’t™ 1)t Y (zag®t T2 T
Iffor 1 <u < s, Xy11 contains Y;(zaq"t2*~1)~1 then it contains the monomial Y;(zag®t =21 ~1Y;(zaq"t 2+~ 1)1,
However, X1 has to be regular, so Xy, also contains Yj(zaq7t_2“+1)_1. Iterating the same argument we

would get that X1 does contain Y;(zaq"t~')~!, which is absurd by the argument written below. Hence,
we can use s + 1 times the recurrence hypothesis until a monomial Xy 42. We get :

VO <u<s, Xk+u+2Aj(zaq6t_2(5_")_2)_1 = Xktut1
At this step, we have constructed a path from Xy, 549 to X with:

Xk+s+2Aj (Zaqﬁt*Q)*l . Aj (Zaq6t72sf2)71 %

Ai(zag®t™) " - Ay (2ag® 3 T A (zag) ! = XL

We get the following path in the graph representation of the algorithm:

Xits
kI 2 Aj(zag®t2)7!

Aj (zaq6t*23*2)*1

| Ai(zag’t™1) ™!

Finally,
Xptsro contains Y;(zag'?t™2) ... Yi(2aq® 0t 2)Yj(zaq"t=3) ... Y;(zaq"t =% 73). (62)

The aim is now to construct another path from Xy 12 to X ending with the transformation Ai(zaq?’t’l)’1
in order to conclude.

We want to obtain the following subgraph :
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Xkts+2
AAzaqg’fl)/ Ay(zagt=2)"!
Ai(zagbFt3¢=1)—1 l Aj(zaqft=25-2)1
ZS+2 Xk+l
Ai(zag®t=1)7t
Ai(zaq6k+3t71)71
X/
A; (zaq®)~1
X

To apply the transformation A;(zaq”t~1)~!, we need to check that Y;(zaq'?t=2) is admissible in Xy ¢12.
We know that X}y ..o does not contain Y;(zaq®t=2) as it would imply that X .1 contains Y;(zaqSt2)?
which is absurd as all monomials are generic by assumption. Moreover, if X, 4o contains Y;(zaq'?) then
the equation (61) implies :

di,aq12 (Xk:+8+2) == di,aq12 (Xk) == 1
But the graph gives that Y;(zaq'?t~2) is admissible in X. It is absurd. Thus, Y;(zaq'?t~2) is admissible in
Xk1s+2 and the algorithm applies the transformation Ai(zaqgt’l)*1 to Xi4s42, giving a monomial Zj 4441
such that :

Xigor2Ai(2ag®t™") 7" = Zpjou. (63)
We assume there exists 1 < m < k — 1 such that the algorithm gives Z, ;511 for all m < u < k such that :

6(k7u+1)+3t71)71 _

Ym<u <k, Zu+s+2Ai(zaq = Zu+s+1;

setting Zx4st+2 = Xgtst+2. We want to prove that the algorithm gives Z,, 141 such that :

6(k—m+1)+34—1

Zmysy24i(zaq )7t = Zgst-

We know that
Zmtstr2 = Xprsr2Ai(zag”t ™) 71 Ay (zagbF T3 —L (64)

Then, Z,, 4442 contains Y;(zag®*=m+2t=2) | Y;(zaq®+6t=2).
Let us check that Y;(zaq®*~™%2)t=2) is admissible in Z,, s 0.
It is clear that Z,,4s+2 does not contain Yi(zaqfi(k_m‘*‘l)t_Q) as it has been removed at the previous step.
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Moreover, if Z,, 1 12 contains Yi(zaq(j(’“’m”)). then by (64), Xgyst2 contains Yi(zaq6(’“*m+2)). Thus, accord-
ing to the graph, X,, contains Y;(zag®*~™+2)). However, we read in the same figure that Y;(zagf*~"+2¢=2)
is admissible in X,,,. It is absurd. Hence, Y;-(zaqﬁ(k_m“‘z)t_Q) is admissible in Z,, 4542 and the algorithm gives
a monomial Z,, 141 such that :

6(k—m+1)+3t—1)—1 -7z

Zmysy2Ai(zaq mts+1-

By induction, we get monomials Zg o, ..., Zxysy1 verifiying the equation (64).

Now we want to complete our graph to the following :

Xk+s+2
At — A (ag®t=2)"
Ai(zaq6k+3t_1)_1 Aj(zaq6t72572)*1
Z5+2 Xk:+1
Aj(zaq®)~! Ai(zag3t=H) 71
Aj(zagSt=272)~! Ay (zagth+3=1)—1
¥
Zo X'
Aj(zaq®) ™
X

Furthermore, by (63), we get :

djaqri-1(Zs+2) = dj aqri=—1 (Zk+s+1) = djagre—1 (Xpts+2) + 1.
But we know by admissibility of Y;(zaq"t~3) and regularity of Xy s;2 that :

dj,aq7t*1 (Xk+s+2) =0.

Hence, d; 4q7¢-1(Zs42) = 1.
Thus, the monomial Zsyo contains Y;(zaq"t™1)...Y;(zaq"t=2573). We want to check that Y;(zaq"t™!) is
admissible in Zgo.
If Z;, 2 contains Y;(zaq®t 1) then it contains Y;(zaq"t=3)Y;(zaq®t 1) (this is of the form Y;(zc)Y; (zcq~2"it2)).
By regularity, it also contains Y;(zaq®t~3). By (64), Xgis42 contains Y;(zag®t3), and Y;(zaq"t3) is not
admissible in Xy ¢42. It is absurd.
If Zs4o contains Yj(zaq"t) then by (64), Xjis42 contains Y;j(zaq"t). , According to the graph, this implies
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that X’ contains Y;(zaq"t). But Y;(2aq"t™1) is admissible in X’. It is absurd.
Hence, Yj(zaq7t’1) is admissible in Zs19 and the algorithm gives a monomial Z,,; such that :

Zsi2Aj(zag®) ™t = Zgyq. (65)
We assume there exists 0 < m < s+ 1 such that we constructed Z, 41 for all m < u < s+ 1 such that :

Vm<u<s+1, Zyp1Aj(zagit 26T = 7,

We want to prove that Yj(zag"t=2(s—m+1)=1)

monomial Z,,.

It is clear that Z,,1; does not contain Yj(zaqt=2(s=m+1+1) as it has been removed at the previous step.
Moreover, if Z,, 11 contains Yj(zag®t~2(s=m+1)=1) then by construction, Xy s+ 2 also contains Y;(zag®t~2(s=m+1=1),
According to the graph, this implies that X ,,12 contains Yj(zaqst*Q(s’m“)*l). However, we read in the

graph that Yj(zaq5t*2(5’m+1)*1) is admissible in Xy ,12. It is absurd. Hence, Yj(zaq7t’2(5’m+1)*1) is
admissible in Z,,+; and the algorithm gives a monomial Z,, such that :

is admissible in Z,,4; so that the algorithm gives the right

Zm+1Aj(Zaq6t72(sfm+l))fl = Zom.

Finally, let us prove that Y;(zaq®t=2) is admissible in Zj.
We have the equality ZgA;(z¢3t~1)~! = X. Then, by identification of the degrees the admissibility is clear.
Hence the following graph :

Xk+s+2
Ai<zaq9“>/ A;(zagbt=2)!
Ai(zaq6k+3t71)71 Aj(zath_QS_Q)_l
Zsia Xpt1
Aj(zaqﬁ)_l Ai(zag3t=1H) 71
Aj(zaq6t72872)71 Ai(zaq6k+3t_1)_1
Zo X'
_ 6)—1
Ai(Z&gBtN Aj(zaq”)
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Now, we assume A;(zbg"it~') simplifies Y;(zat?).

We have d; ,4-2(X’) = —1. We know that d; ,,—2(X) = 0, then it implies
di at—2(Aj(2bgt™1) 1) = 1.
Hence, bgt—! = at~2 and hence
b=aq 't L
As in the previous case, we want to apply the induction hypothesis and get the following graph for a k
defined above :

X
U Aag't)

i Ay (zagbt—2k—1)1
X/

i Aj(zat=2)71
X

Let k > 0 the maximal integer such that Y;(zat=2%)~! appears in X’ for all 0 < s < k.

By definition, Y;(zat=2(*+1))~1 is not in X’. Moreover, if Y;(zaq®t~2¥)~! appears in X', then Y;(zat=2(*=1)~1Y;(zaq%t ~2F)~1
also appears in X’. The monomial has to be regular, so Y;(zat=2*)~1Y;(zaq®2*=1)~1 appears in X'.

Thus, X’ contains Yj(zat=2*=2))=1Y;(z2aq5t~2*~1)~1. We can iterate this reasoning until we get that

Yi(zaq®)~! appears in X’. However it does not appear in X and has to be simplified by the transfor-

mation A;(zbg"it=1)~1 = A;(zat=2)71. It is absurd by definition of A;. Hence, we can apply the induction

hypothesis and we obtain that there exists X7 given by the algorithm such that

X1 Ai(zagPt~ A= = X7
We can define recursively X, 2 < s < k + 1 such that
XsAi(Zaq3t7(2k72s+3))fl =X, ;.

Indeed, for all 1 < s < k + 1, Y;(zat=2%)~! appears in X, for all 0 < u < k — s and )Q(zaqﬁt_2(“_1))_1
does not appear in X, by the same argument as above, nor Yj(zat~2(*+2=%))=1 5o that we can apply the
induction hypothesis. In particular, we have constructed Xy such that

XkHAi(zaq?’t_l)_l = X.
Moreover,
X1 Ai(zag®t™ )7 Ay (zag®t=3) 7 Ay(zagPt GRHDY T = X7 (66)
By definition of the algorithm, the arrow X’ — X implies that Yj(zaqt_?’) is admissible in X’. In particular,

it implies that d; 43 (X') = 1 and d; 44¢-1(X') = 0. But the equation (66) gives

dj,aqt*1 (X/) = dj,aqffl (Xk+1) +1 and dj,aqt*i" (X/) = djV(thf?)(XkJrl) + 1.
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Hence, d; qq¢-1 (Xk41) = —1 and d; 4q¢-3(Xp41) = 0. Thus, X1, contains Y;(zaqt=1)~! and does not con-
tain Y;(zaqt=3)71.
Let s > 0 be the maximal integer such that Xj; contains the monomial :
Yi(zagt )"t Y (zag® T T
Iffor 1 <wu < s, Xj41 contains Y;(zag"t'¢=3)~1, then it contains the monomial Y;(zag?“~ D11 =1y} (zaq?uH1¢—3) L.
However, X1 has to be regular, so X341 also contains Y}(zaq2(“_1)+1t_3)_1. Iterating the same argument

we would get that X1 does contain Y;(zagt™2)~!, which is absurd by the argument written below. Hence,
we can use s + 1 times the recurrence hypothesis until a monomial Xy 42. We get :

YO0 S u S S, Xk+u+2Aj(Zaq2(siu)+2t72)71 = Xk+u+1
At this step, we have constructed a path from Xy, 442 to X with:

Xitsradj(zag’t™) 7 Aj(zag® 7% 7%

Ai(zag®t™ )7l A(zagPt ) T A (zat ™) T = X
We get the following path in the graph representation of the algorithm:

Xits

kI 2 Aj(zag*t™2)7!
¢ Aj(zaq2s+2t_2)_1
Xky1

! Ai(zag’t™1) ™!

i Ay (zagt=2*=1)=1
X/
i Aj(zat=2)~t
X
Finally,
Xptsso contains Y;(zag®t ™) ... Yi(2aq®t =2 "2)Y;(zag®t ™3) ... Yj(zag* T3t 73). (67)

Let us prove that s > 1. By contradiction, if s < 1 then Y;(zaq%~2) is admissible in X} syo. Indeed,
di agot—2 (Xits+2) = diagor—2(Xp+1) = 1,
di,aqs (Xktst2) = diaqs (Xkt1) =0,
di at—2(Xigsy2) = dj gp—2(Xpg1) = 0.
Hence, the algorithm applies the transformation A4;(zaq®t )71 to Xi, 442 and we get a monomial X* such

that :
Xitsrodi(zag®t™) 7 = X
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Then in particular,
dj’aqt—l (X*) = dj’aqt—l (Xk:+s+2) +1= dj,aqt*1 (Xk+s+1) +1+1=1.
Indeed, by genericity, d; ,qt-1(Xp+s4+1) has to be equal to —1. Moreover, by admissibility of Yj(zaq?’t_?’) in

Xj+s+2 and regularity,
djaaqgt*S (X*) = dj,aqSt*3 (Xk+s+2) = ]-7

djaqrt-3(X") = dj qqt-3(Xpqsy2) =0,

Then X* contains a term of the form Y;(zc)Y;(zcq™2?"t?) but does not contain Y;(zcq=2"7) (with ¢ = ¢3~3)
and X* is not regular. It is absurd. Hence, s > 1.

The aim is now to construct another path from X 4,2 to X ending with the transformation A;(zag3t1)~!
in order to conclude.
Firstly,

di,aqﬁt*‘1 (Xk+s+2) = di,aqﬁt*‘*(Xk) =1,

because as shown in the graph below, Y;(zag® ~*) is admissible in Xj,. Moreover, d; ;-4 (Xkts12) = di ap-1(Xi) =
0 for the same argument of admissibility. Additionally, if d; 4q6;-2(Xg1s42) = 1 then by definition of
Aj(zag*t™?)7" it implies d; 4q6¢-2(Xk4s) = 2 which is impossible by the genericity hypothesis.

Hence, Y;(zaq%t~*) is admissible in Xj 4o

We construct
Ziyss1 = Xiysr2Ai(zag® %)~
We assume there exists 1 < m < k such that we constructed Zs,41, for m < u <k such that

Zu+s+1 = Zu+s+2Ai(Zaqgt_Z(k_u)_g)_l'

Let us construct Zsy41.-
Firstly, according to the graph,
di’aqat—2(k—7n)—4 (Zstmi2) = di’aqb‘t—2(k—7n)—4 (Xm) =1

Moreover,

di,aq‘jt*Q(k*m)*2 (Z8+m+2> = di,aqﬁt*ﬂk*m)*2 (ZS+7H+3) -1= di,aq"'tfz(k*m)*z(Xm-‘rl) -1=0,
because of the transformation Zs,,+3 = Zsym+t2 and because Yi(zaqﬁt_Q(k_m)_2)
Additionally, Y;(zaqSt—2(*=m)=4) is admissible in X,,. Thus,

is admissible in X, 41.

di7at_z(k_,n)_4(Zs+m+2) = di7at—2(k—m,)—4(Xk+s+2) = di)at—Q(k—m)—4 (Xm) =0.

Hence the admissibility of Y;(zaq®t=2*=")=4) in Z, .. » and the existence of the following transformation
given by the algorithm :

Zm+s+1 = Zm—i—s+2Ai(zaq3t72(k7m)73)71'

We obtain the following graph :
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Xkts+2
Ai(zaq?’tg)/ Aj(zag?t™2)1
Ai(zaq?’t*%*l)*l l Aj(zaq23+2t_2)_1
Zs+2 Xk+1
Ai(zag®t=1)7t
A (zagdt=2F—1)~1
X/
Aj(zat=2)~1
X

Again, we want to construct a path from Z;,9 to X in the algorithm graph.
Firstly, by definition of the variables A; and by admissibility in X',

djaqi-3(Zs+2) = dj agi-3(Xits+2) + 1,
= djaqr-3(Xk) + 1,
=djaq-3(Xp—1) —1+1,
= j,aqr?’(X/) =L

Moreover, the graph gives :

o1+ Zasa) = dygsp-s(X) =0,

as Yj(zaqt*g) is admissible in X’. Additionally, we deduce from the graph the following computation
djaqi-1(Zst2) = dj agi-1 (Xkts+2)
= djag—1 (Xp4s41) — 1
=djaq-1(Xk) +1-1
= dj,aqt_l(Xl) =0
Hence, Y;(zagt™3) is admissible in Zs;. Thus, the algorithm constructs the following monomial :
Zsi1 = ZS+2Aj(zat_2)_1.
Now, we assume there exists 0 < m < s such that we constructed Z,41, for m < u < s such that

Zu+1 = Zu+2Aj (ZG,qQ(s_u)t_Q)_l.
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Let us construct Z,,.
Let us prove that Y;(zag?*T1=m)+1¢=3) is admissible in Z,, 1.
Firstly, according to the graph and by admissibility,

By agpicrmrips (Znn) = dj ggatons-mps(Xiamez) = 1.
Moreover,
dj aqs—mi+14-3(Zm+1) = dj agps-mrt14-3(Zms2) — 1 =0,
by admissibility and because of the transformation Z,, 9 — Zp,41.
Additionally, Y;(zag?*+1=™+1¢=3) is admissible in Xj,12. Thus,
dj agzet1-mt1p-1(Zmy1) = dj agzeet1-m+1p-1 (Xpma2) = 0.

Hence the admissibility of l/j(zaqg(s+1_m)+1t_3) in Z,,+1 and the existence of the following transformation
given by the algorithm :

— m+1Aj(zaq2(s+1_m)t_2)_l.

To conclude, we have to prove that Y;(zaq®t~2) is admissible in Z.
We have the equality ZoA;(2¢*t~1)~! = X. Then, by identification of the degrees the admissibility is clear.
Hence the following paths of transformations in the algorithm :

Xts+2
Ai(zaq?’tg)/ Aj(zag?t=2)71
Ai(zag’t=> 1)1 Aj(zag*t2t=2)~!
Z5+2 Xk+l
Aj(zat=2)~t Ai(zagt=1)7t
Aj(zaq2s+2t72)7l Ai(zaq3t72k71)71
Zo X'
(ai—2\—1
Ay(zagdt=1)1 Aj(zat™?)
¥
X

b) We assume there exists a monomial X" also appearing in the algorithm such that

X" Ai(zaq"t ) = X/,
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then X" does contain Y;(zag?*"it~2).

Here there are two cases to consider :
o dip 22 (A;(zaq"it~1)~1) = 1 and the term Y;(zag®"t~2) comes from the transformation A;(zaq"t~1)~*.
e X" contains Yj(zag?1t7?).

Firstly, we assume d; qurjt,z(Ai(zaq”t_l)_l) =1 and the term Yj(zag?*7t2) in X’ comes from the trans-

formation A;(zaq"it~1)~1. Hence, i # j, and we assume the Dynkin subdiagram with nodes {i, j} is of type

G2 with (i,7) = (1,2).
Thus,

b?t™ 2 = aqt™! or bg?t ™2 = agt™! or bg*t™2 = agt™!
If bg?t =2 = aqt ! then a = bgt ~! and d; ,(A;(2bgt~1)~!) = 1. However, d; ,(X) = —1 and X' A;(zbg"it~1)~! =
X. Thus, d; o(X’) = —2 which is absurd because it contradicts the genericity.
Hence, bg*t=2 = ag®t ™! or bg?t™2 = ag®t~'. By admissibility, d; ps2,-2(X’) =1 and d; ;-2 (X’) = 0.
But here, d; p;-2(A;(zag?t1) ') = 1. Thus, d; p-2(X") = —1.
Let s > 0 be the maximal integer such that X" contains the monomial :

Yi(2bt™2) "t Y (2bt 25 L

If for one 0 < u < s, X" contains Y;(zbg®t ~2*~2)~! by regularity we deduce that X" contains Y;(zbg*t =)~
But we have :

djpgze—2(X") = djpgei—2(X) — djpg2e—2(Ai(zag’t ™)) =1-1=0.
Henceit is absurd. Thus, the induction hypoyhesis allow to construct Xi,..., Xsy1 such that we get the
following subgraph in the algorithm graph :

Aj(zbgt=3)71

i Aj(zbgt?s—3)71

X//

i Ai(zag3t= 1)1
X/

i Aj(zbgt=1) 71
X

In particular, by admissibility and regularity,
dj,bq2t*4 (XS+1) = 1, dj,bt*Z == 0, dj,bt*‘l == 0

Now, d; o(Xs41) = d; o(X") for ¢ = ag*t=2, aq*,at=2 Hence, the admissibility of Y;(zaq®t~2) in X” implies
its admissibility in X1, and the creation of

Z =X, 1 Ai(zag*t™ )71
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in the algorithm. Moreover d; ;-2 (A;(zag®t™")™!) = 1, and d; p;-4 (A;(zag®t ) ~1) = 0. Hence, d; 4214 (Z) =
djp-2(Z) = 1. and d; ;-4(Z) = 0. This contradicts the regularity of Z.

Hence, we are in the second case and X" contains Y;(zag*"it=2).
Let us prove that Y;(zbg?"7t{ — 2)) is admissible in X"
If i = j (so that r; = r;), then by contradiction we assume that Y;(zbg®"7¢~2) is not admissible in X”.
We know that Y;(2bg?"it=2) is admissible in X’ so that the presence of Y;(zag®*"it=2) in X" prevents from
doing the transformation A;(bg™ t=1)~1. It implies that a = bg~2"i or a = bt?>. This implies X contains
Y;(2b) 7! = Yi(zag*?) ! or Y;(zat=?)"1. It is absurd by the initial assumption on X. Thus, Y;(2bg*7t2) is
admissible in X",
If i # j then it is clear that the admissibility of Y;(zbg*"i t( —2)) in X’ implies its admissibility in X"
Finally, there exists a monomial

KXnew = X//Aj (Zaqrjt_l)_l
given by the algorithm and X,,.,, contains Y;(zaq®*"it~2). Moreover, if the transformation A;(zaq"it=1)~1 is
not admissible from X,,,, then there exists a factor Y;(zat~2) (resp. Y;(zaq®"*)) blocking this transformation.
But this would imply that this factor also appears in X as we have the following equality of monomials :

Xnew = Ai(zaqmt_l)_lX'

We remark that a priori, this equality is not sufficient to get an arrow from X,,¢,, to X. This equality implies

di,aqzri (Xnew) = di,aqzri (X)’

and same for at~2. And hence X does contain Y;(zc) and Y;(zct?) ™! with ¢ = at =2 (resp. Y;(zcq™2")~! with
¢ = aq®") which contradicts the regularity of X. It is impossible. Hence the admissibility of Y;(zaq?"it=2)
in X, ew-

Finally we get the following paths :

X

Aj(zbgit=1)~t Ai(zaq"it™") !
Xnew X'

Ai(zag"it=1)~1 Aj(zbgit=1)~1
X

This concludes the proof in type Gs. O
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